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Chapter 1

Introduction

In this survey, we will discuss the application of importance sampling to the field of unbiased
physically based rendering. Unbiased rendering algorithms are based on the Monte Carlo
method. In this context, importance sampling techniques are used to reduce the variance of
the Monte Carlo estimate. Importance sampling has played an important role in the develop-
ment of the field of unbiased rendering and has let to three major rendering algorithms: Path
Tracing (PT), Bidirectional Path Tracing (BDPT) and Metropolis Light Transport (MLT).
In our discussion, we will focus on these algorithms, discussing them in detail. Furthermore,
we will more briefly discuss important extensions to these algorithms, based on importance
sampling.

In chapter 2, we introduce the subject of physically based rendering, followed by an
introduction of the Monte Carlo method and the notion of importance sampling in chapter
3. Furthermore, we discuss the general application of the Monte Carlo method to physically
based rendering. This leads to the three major unbiased rendering algorithms, discussed in the
following chapters. In chapter 4, we discuss the PT algorithm. BDPT is discussed in chapter
5 and in chapter 6, we discuss the MLT algorithm. Finally, we finish with a conclusion in
chapter 7.






Chapter 2

Physically Based Rendering

In this chapter, we discuss the subject of physically based rendering. We start with an
introduction into physically based rendering in section 2.1. We than introduce the rendering
equation for physically based light transport in free space as developed by Kajiya [10] in
section 2.2. Following, in section 2.3 we discuss an alternative rendering equation developed
by Veach [22]. This formulation is based on the rendering equation by Kajiya but is defined
over the space of all light transport paths from light source to eye. Finally, in section 2.4 we
discuss the possible existence of singularities in the rendering equation and a classification of
light transport paths based on singularities, as introduced by Heckbert [7].

2.1 Physically Based Rendering

Generally speaking, physically based rendering is the synthesis of images according to the
laws of physics. Given a mathematical description of a scene, a virtual photo of the scene is
synthesized according to the laws of physics describing light transport in the real world. In
practice, a simplified model of light transport is used in physically based rendering in order to
make rendering computationally feasible. For example, most renderers only consider one or
a few wavelengths instead of a whole band of frequencies. Light effects such as polarization,
interference and redshift that are seldom perceived directly by humans are only considered in
very specific scientific applications. Also, although light has a finite velocity, practically every
physically based renderer assumes the scene illumination to always be in an equilibrium state.
Furthermore, many renderers assume that light travels through vacuum, only interacting with
the scene at the surface of the scene geometry. This excludes effects due to participating
media (such as fog) and subsurface scattering within objects (such as a wax candle). In this
document, we will not discuss these effects either and only consider the interaction between
light and scene at the geometry surfaces.

In order to render an image of a scene, a description of the scene is required. Because of
the assumption that light only interacts with the scene at geometry surfaces, the geometry
is defined by its surfaces. In general, any representation of surface geometry suffices, as long
as it is possible to compute the intersection point of a ray with the geometry. In practice,
scene geometry is usually represented as a polygon mesh (see figure 2.1). Many polygons are
required to accurately describe curved surfaces, therefore alternative representations such as
NURBS, allowing certain forms of curvature, are also used. However, because the intersec-
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Figure 2.1: Scene geometry, modeled by polygons.

tion between a ray and a curved representation is often much harder to compute than the
intersection with a polygon, polygons are still the representation of choice for most renderers.

For each surface point, it is also necessary to describe the material properties concerning
light transport. Nicodemus proposed to describe the material of a surface by its Bidirectional
Reflection Distribution Function(BRDF) f, (x,d,,d;) [17]). This function gives the fraction of
incoming radiance &; at surface point x that is reflected in direction ,. For most materials,
part of the incoming radiance is absorbed while the remaining radiance is reflected in different
directions (Figure 2.2). For translucent materials, part of the light may be refracted and enter

IR N

Figure 2.2: Part of the radiance is absorbed while the remaining radiance is reflected in
different directions.

the material. If this is the case, the BRDF is also defined for incoming and outgoing directions
on opposite sides of the surface (Figure 2.3). Such BRDF’s must account for refraction due
to varying material densities on opposite sides of the surface.
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Figure 2.3: For translucent materials, part of the light is scattered to the other side of the
surface.

In practice, a BRDF for a material is often approximated by a combination of multiple
simpler BRDF’s. Figure 2.4 gives such an example. The material has a pure diffuse component
fa, scattering incoming radiance equally in all directions, and a highly specular component
fs, scattering light around the direction of pure reflection.
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Figure 2.4: A complex BRDF is often approximated by combination multiple simpler BRDF’s

Another common method for modeling physically accurate materials is by measuring the
BRDF in real life for various combinations of incoming and outgoing directions and using
these sample points to approximate the BRDF during rendering.

Finally, the light sources in the scene must be modeled as well. Usually, the light sources
are a part of the scene geometry. Each surface point may or may not emit radiance into
the scene. The function L. (x,d,) describes the radiance emitted along &, by the surface at
surface point x. If L. is non-zero, the surface point x lies on a light source with L. giving the
emitted radiance distribution of the light source over the unit hemisphere(see figure 2.5).

St

/

Figure 2.5: L. describes the emitted radiance per surface point over the whole scene geometry.

For the rest of this document, the scene is assumed a given. We will not further discuss
the scene representation or the possible BRDF and emitter models.

2.2 Rendering Equation

Kajiya developed a general rendering equation for physically based light transport in free
space [10]. This equation describes how the radiance L, (x,d,) leaving a surface point x
in direction @, relates to the incoming radiance arriving at x (figure 2.6). Because human
perception is relatively slow compared to the speed of light, light transport is usually perceived
in equilibrium. The rendering equation describes this equilibrium state:

Lo (X,@p, A) = Le (X, @B, A) + . fr (%, @0, @5, \) Ly (%, 0, \) dot (&) (2.1)

In this equation, L, (x,d,, A) is the radiance of wavelength A leaving x in direction ,. The

radiance leaving x relates to the amount of emitted radiance L, (x,d,, A) and the amount of
incoming radiance that is scattered in direction .

The amount of incoming radiance that is scattered in direction &, is described by the

second term in equation (2.1). For each incoming direction &;, L; (x,d;, \) equals the incoming
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Figure 2.6: The light transport equation relates the outgoing radiance to the incoming radi-
ance at a surface point.

radiance at x and the BRDF f, (x,d,,d;, A) describes the fraction of this incoming radiance
that is scattered towards ,. The total amount of radiance scattered along ¢, is obtained by
integrating over all incoming directions on the hemisphere S? around x.

The use of X in the rendering equation indicates that light transport depends on the
wavelength of the light involved. From now on, we will drop the A in our notation for
convenience. Note however that for accurate rendering of some light effects, it is important
to consider an entire band of wavelengths instead of only a single wavelength. Accounting for
multiple wavelengths during rendering is called spectral rendering.

In the context of rendering, the transport equation is often called the rendering equation.
Veach showed that when rendering an image, each image pixel can be modeled as a radiance
sensor [22]. Each sensor j measures radiance over surface area and has a sensor sensitivity
function W (x, ;) describing the sensors sensitivity to radiance arriving at x along direction
Wi (Figure 2.7). The total radiance /; measured by a sensor j is described by the measurement

e

/

Figure 2.7: The sensor is described by the sensor sensitivity function on its surface.

equation:



In this equation, I is the surface area of the image plane. The sensor sensitivity function
W; is defined over the surface of the image plane. The measured radiance along direction d;
equals the incoming radiance L; (x,d;) along this direction multiplied by the sensors sensi-
tivity W; (x,d;). Integrating over both the image plane and all incoming directions on the
hemisphere S? gives the total radiance measured by the sensor.

The render equation (2.1) and measurement equation (2.2) integrate over the unit hemi-
sphere S? around a surface point x and are expressed per unit projected solid angle do (&).
In practice, it is however often more convenient to express these equations per unit solid angle
do (&J) or per unit area dA (x’). When the integral is expressed per unit area, the incoming
radiance is integrated over the scene’s surface geometry M instead of the unit hemisphere S2.
The relation between the units solid angle, projected solid angle and surface area is depicted
in figure 2.8 and are given by

Figure 2.8: The geometric relation between the units projected solid angle, solid angle and
surface area

dot (&) = |& 77| do (&) = G (x +» x) dA (x) (2.3)
In these transformations, G (x <> x’) is called the geometric factor and equals

|6 - 7| | - 7T

G (x < X’) =V (x < X’) (2.4)

[x — x|

where V (x <> x') is called the visibility factor, being 1 iff the two surface points x and x’ are
visible from one another and 0 otherwise.

Using these transformations, the rendering equation can easily be expressed over unit area
instead of projected solid angle, resulting in the three-point form of the rendering equation.
This equation describes how radiance arriving at surface point x” from surface point x’
relates to radiance arriving at x’ (Figure 2.9). The equation is similar to equation (2.1) but
is expressed over surface area:

L, (x' — x") =L, (x' — X”) + /M fr (x . — x”) L; (x — x') G (x YRS X') dA(x) (2.5)
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Figure 2.9: Three-point form of light transport

In this equation, x’ — x” indicates the flow of radiance from x’ to x” and x — x’ — x”
indicates the flow of radiance from x arriving at x’ and then being scattered towards x”.
Using this notation, the equation becomes more intuitive: f, (x — x’ — x”) describes the
fraction of incoming radiance from x arriving at x’ that is scattered towards x”. Similar,
L (x' — x") equals the radiance from x" arriving at x”.

Similar to the three-point rendering equation, it is possible to express the measurement
equation over unit surface area instead of projected solid angle. Substituting equation (2.3)
into equation (2.2) gives

I, = / Wi (x' = x) L; (x' = x) G (x < x') dA (x) dA (x') (2.6)
IxM

Or, more conveniently, the measurement equation is written as the integral over a single
measurement function f;

fz' (X(), X1) = Wl (Xl — Xo) Lz (Xl — Xo) G (X(] < Xl) (27)

Resulting in the measurement equation

I; = fi (x0,%1) dA (x0) dA (x1) (2.8)
IxM

Physically based rendering concerns itself with estimating this measurement equation for each
image pixel.

2.3 Path Space

The rendering equation as developed by Kajiya describes the light transport as a local equi-
librium at any point in the scene. Starting from this rendering equation, Veach developed an
alternative rendering equation, defined over the space of all light transport paths from light
source to eye [22].

In vacuum, the radiance leaving x towards x’ equals the radiance reaching x’ from x, that
is, the radiance is constant over the light path x <+ x’. Hence,

L; (x — X/) =1L, (x' — X) (2.9)



In other words, the rendering equation is recursive as the incoming radiance at one surface
point is related to the outgoing radiance at another. This corresponds to the fact that a
photon can bounce through the scene for an arbitrary number of bounces before reaching
some surface point x. Each bounce corresponds to a scattering event at a surface point. For
example, when unrolling one level of recursion in equation (2.5), we get

L, (x1 — x0) = Le (x1 — X0)

—I—/ fr (X2 — X1 — Xo) L. (Xg — Xl) G (X2 <~ Xl) dA (Xg)
M

—|—/ fr (X2 — X1 — Xo)/ fr (X3 — X9 — Xl) L; (X3 — X2) G(Xg > XQ)dA (Xg)
M M

-G (X2 — Xl) dA (XQ)
(2.10)

In this equation, the radiance reaching x( directly after being emitted at x; is expressed
by the first term. The radiance reaching xg through a single bounce after being emitted is
expressed by the second, non-recursive term. The remaining incoming radiance, arriving at
xqg after at least two bounces, is expressed by the last term. In a similar manner, equation
(2.5) can be unrolled completely, resulting in the expression

Lo (Xl — Xo) =
L. (x1 — x0) +

o (2.11)
Z/ l(xoz19 -+ - 7)) dA (22) - - - dA (%)
kg / M*
Where [ : [ J;2, M1 - R is the radiance flow function defined as
k—1
l (XOX1X2 s Xk) = H fr (Xi+1 — X; — Xi—l) G (Xi <~ Xi+1) Le (Xk — Xk—l) (212)
i=1

This expression is no longer recursive. Instead, it separately evaluates the radiance reaching
xo through 7 bounces after being emitted at x;. The sequence of surface points x; - - - x¢ forms
a light transport path of length ¢ over which the emitted radiance flows from x; to xg. By
integrating over all such paths, the radiance arriving at xg over paths of length ¢ is obtained.
Summing over all possible path lengths gives the total radiance L, (x; — X¢) reaching xg.

Using this formulation, it is possible to rewrite the measurement equation as an integral
over the space of all light transport paths. A light transport path X* is any sequence of
surface points xg---Xg11 € I X M k of which the first point x¢ lies on the image plane I and
the remaining lie on the scene’s surface geometry M. Figure 2.10 shows an example of a
light transport path of length 5. The set of all light transport paths of length k is defined as
Q) = I x M* and unified path space is defined as the union of all paths of all lengths and
equals = [J;2, Q.

Combining the radiance flow function from equation (2.12) and the measurement function
from equation (2.7) gives rise to an alternative measurement function f; : @ — R, defined

9



Figure 2.10: A Light Transport Path from light to eye of length 5.

over unified path space.

k—1
fi (.7}0 e xk) =W; (X1 — Xo) G (X(] <~ Xl) H fr (Xj+1 — X5 — Xjfl) G (Xj <~ Xj+1) - L (Xk — Xk—l)
j=1
k—1 k—1
=W; (Xl — X()) H G (Xj <~ Xj+1) . H fr (Xj-i-l — X5 — Xj_l) - Le (Xk — Xk—l)
j=0 j=1

(2.13)

Figure 2.11 shows how the factors in this measurement function correspond to the example
light transport path from figure 2.10. Using this measurement function, the measurement

fr (X3 — X2 — X1)

fr (x2 — x1 — Xo) fr (x4 — x3 — X2)

Figure 2.11: Correspondence between measurement function and an example path in unified
path space

equation (2.8) can now be expressed over unified path space as

I = /Q f(X)dQ (X) (2.14)

In this formulation, light transport is expressed with respect to unit area, so path space
is integrated with respect to the area-product measure. Hence, unit path space df) (Xk)
corresponds to

dQ) (XO s Xk> =dA (Xo) X dA (Xl) X - X dA (Xk) (215)

The remainder of this document will concern itself with estimating the measurement equation
over unified path space for each image pixel.
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2.4 Singularities

Many of the aforementioned functions may contain singularities. For example, the BSDF of
perfect reflective and refractive materials is modeled using Dirac functions. Furthermore, L.
may exhibit singularities to model purely directional light sources. Finally, common camera
models such as the pinhole camera are modeled using Dirac functions in the sensor sensitivity
functions W;. Special care must be taken to support these singularities.

Heckbert introduced a notation to classify light transport paths using regular expressions
of the form E (S|D)* L [7]. Each symbol represents a path vertex. E represents the eye and
is the first path vertex. This vertex is followed by any number of path vertices, classified as
specular(S) or diffuse(D) vertices. A path vertex is said to be specular whenever the scattering
event follows a singularity in the local BSDF, also called a specular bounce. Finally, the last
vertex is classified as a light source(L). We refer to the classification of a path as its signature.

11






Chapter 3

Monte Carlo Rendering

In this chapter we discuss the use of Monte Carlo sampling to estimate the measurement
equation. In section 3.1, we discuss Monte Carlo integration, attributed to Neumann and
Ulam [16]. In section 3.2, we discuss Importance Sampling as a variance reduction technique
in Monte Carlo estimators. In section 3.3, we discuss an optimal method for combining mul-
tiple Importance Sampling strategies in the context of rendering, as presented by Veach [23].
Finally, in section 3.4 we discuss in some detail common methods for sampling light trans-
port path vertices and how to transform the corresponding probabilities between important
geometric units [22].

3.1 Monte Carlo Method

The goal of physically based rendering is to evaluate the measurement equation from last
chapter for all image pixels. The measurement equation is an integral of the possibly non-
continuous measurement function over the high-dimensional path space. It is therefore in-
feasible to evaluate the measurement equation analytically. Instead, it is estimated using
numerical methods. Deterministic methods for numerical integration usually operate by tak-
ing a number of evenly spaced samples from a function. These methods however suffer from
the curse of dimensionality; They do not apply well to integrals over high-dimensional spaces.
Estimating the measurement equation using deterministic methods is therefor rather ineffi-
cient. Instead, the measurement equation is usually estimated using the Monte Carlo method,
which relies on repeated random sampling to compute an estimate of an integral. The devel-
opment of the Monte-Carlo method has been attributed to Neumann and Ulam [16]. In its
basic form, the Monte Carlo method samples N points X1, -+, Xy in path space according
to some convenient density function p, and then computes the estimate as

;1 Y fi(X)
NI (3.1)

13



It is straightforward to show the estimator I; gives the correct result on average, provided

that J;jgé)) is finite whenever f; (X) # 0

An estimator that gives the correct result on average is called an unbiased estimator. The
quality of the estimator is determined by its variance; the square of the expected error.
Because the image pixels are estimated independently, the errors in these estimates are also
independent. These errors therefore show up as high frequency noise in the final rendering.
The advantage of using Monte Carlo integration is that the expected error in the estimate

decreases at a rate O (\/ N ), regardless of the dimensionality of the sample space. Hence, the
estimate can be made arbitrarily accurate by increasing the number of samples.

3.2 Importance Sampling

The Monte Carlo method relies on samples from path space. As explained in the last section,
these samples may be sampled according to any convenient density function p, provided that
% is finite whenever f (X) # 0. This however does not mean that the particular choice of p
is irrelevant. The choice of p determines to a large extend the quality of the estimator. While
a good choice of p results in a low variance estimator, a particularly bad choice of p can result

in high variance in the estimator. Figure 3.1 shows the difference between a good and a bad

Y S @) [\ Y
p@]
/I \\
/ \
/ \
7 \ f (:U)
/I \\
/ \
Vay v / \ ...... ‘
/// \\\ \
S . ) N
/ p(x) \
/, \
/) \
X X

Figure 3.1: Sampling proportional to f results in a low variance estimator. This is called
importance sampling.
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choice of density function. Each sample X; contributes IXi) {6 the estimate. When £
j X)) P(X,)

is roughly constant, each sample will contribute equally and the corresponding estimator will

f(X5)
. . . . p(X]) . . . .

space, the contributions of samples to the estimate will vary equally, resulting in high variance

in the estimator. Ideally, when the probability density function p is proportional to f, the
estimator will have zero variance. Sampling according to a density function p that is roughly
proportional to f is called Importance Sampling. Importance Sampling is arguably the most
important variance reduction technique in the context of unbiased physically based rendering.
The remainder of this document will show how importance sampling is applied to physically
based rendering.

have relatively low variance. On the other hand, when

various significantly over path

3.3 Multiple Importance Sampling

When applying importance sampling to the Monte Carlo method, the density function p must
be chosen to be roughly proportional to f. At the same time, it must be relatively easy to
generate samples according to this chosen density function. In practice, it is difficult to find
one such density function. Often, there are multiple possible importance sampling strategies
resulting in different density functions, each accurately resembling f only on a part of the
sample space while being less accurate on the rest of the sample space.

In the context of unbiased rendering, Veach proposed a method for combining multiple
importance sampling strategies into a single estimate, called Multiple Importance Sampling
(MIS) [23]. Instead of choosing only one of these strategies and generating all samples ac-
cording to this strategy, MIS seeks to combine different importance sampling strategies into
one optimal, unbiased estimate. Thus, instead of sampling all N samples according to the
same sampling density function p, each sample X, is sampled according to a different density
function p;. These samples are then combined into a single Monte Carlo estimate

N .
fi = ij (X;) ];f (())((J)) (3.3)
j=1 J J

In this estimate, w; (X;) is a weight function used to combine the contributions of all samples
into a single estimate. For the estimate to remain unbiased, the weight function must satisfy
two conditions

=N (3.4)

In other words, there must be at least one strategy to sample each contributing sample and
when some samples may be sampled with multiple strategies, the weights for these strategies
must sum to one.

There are various possible combination strategies used in practice. An obvious strategy is
to assign a constant weight w; to each sampling strategy. However, this combination strategy
does not work very well. Whenever one of the sampling strategies has a high variance, this
high variance will also occur in the combination.

One common technique is to partition the sampling space among the sampling techniques,
which is a form of stratification. The sample space 2 is partitioned in N parts Q7 ---Qn.

15



The integral is then estimated in each region (); separately, using samples from strategy p;
only. The corresponding weight function equals:

w; (X) =

1, if X e
{ ' (3.5)

0, otherwise

This technique is used extensively in physically based rendering, but it has the disadvantage
that it is often difficult to determine how the space should be partitioned and which strategy
should be applied to which part of the sample space. Using a fixed partition can lead to much
higher variance than necessary.

A related combination strategy is the maximum heuristic. It partitions the sample space
Q) into N regions according to which of the NV sampling strategies has the highest probability
of generating samples at each point in sample space. This corresponds to the following weight
function:

0, if p;(X)<p;(X)Vi>jforallj
uﬂm:{vlp()<m()Z>JmaJ (3.6)

1, otherwise

Note that whenever multiple sampling strategies have the same probability, the sampling
strategy with the lowest index is chosen. The maximum heuristic chooses the sampling
strategy with the lowest variance on each part of the sample space. This results in a relatively
good combination. Although this method uses a fixed partition, the partition adapts to the
particular scene, choosing the optimal sampling strategy over the sample space.

Another fairly straightforward weight function satisfying the weighting conditions is

pi (X)

N
ijo p; (X)
This weight function is called the balance heuristic. Veach showed that the balance heuristic
is the best possible combination in the absence of further information [22]. In particular,

he proved that no other combination strategy can significantly improve over the balance
heuristic. The general form of the balance heuristic, called the power heuristic, is given by

pi (X)°
Z;’V:O pj (X)”

Note that the power heuristic becomes the maximum heuristic as 8 — oo.

w; (X) = (3.7)

w; (X) = (3.8)

3.4 Sampling Probability Conversion

When applying the Monte Carlo method to the measurement equation, one must somehow be
able to sample a random light transport path Xy = x¢ - - - x from path space 2 according to
some known probability density function p. This probability must be evaluated with respect
to the area-product measure df2 (Xy). One possible method would be to choose a path length
k according to some density p; (k) and then independently sample one vertex xg € I on the
image plane with probability p; (xg) and k independent vertices’s x; - - - x; € M* directly on
the surface geometry according to some density pys (x;) over M (See figure 3.2). Although this
method does generate valid light transport paths according to a known probability density
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Figure 3.2: Light transport paths can be sampled by independently sampling all path vertices.

function, it is seldom an effective sampling strategy. Among others, an important reason for
this is that in many scenes, two consecutive, independently sampled path vertices z; — x;_1
will be occluded from one another with high probability. Such samples have no contribution
to the estimator and are therefore of little value'. Remember that according to importance
sampling, samples with zero contribution should be sampled with zero probability. Therefore,
instead of sampling all path vertices independently, path vertices are usually sampled one after
the other, where the sampling probability of each vertex x; may depend on all vertices sampled
so far.

Figure 3.3 shows three common methods for sampling path vertex x;, given the path
vertices x;—1 and x;+1. The first method simply samples x; directly on the surface geometry,
independent of the other two path vertices(upper right). The second method samples x;
forward from x;_1. It does this by sampling an outgoing direction from x; 1 and tracing a
ray into the scene to find x; (lower left). Similar, the third method samples x; backwards
from x;41 (lower right). All path sampling methods discussed in later chapters are based on
these three methods for sampling individual path vertices.

Usually, when sampling a path vertex x; using backward or forward sampling, the outgoing
direction is sampled per unit (projected) solid angle. The probability of sampling x; per
projected solid angle through forward sampling is expressed as P21 (x;,—1 — X;). Similar, the
probability of sampling x; backward per projected solid angle is expressed as P 1 (X <— Xi41).
In order to compute the probability Py (x;) of sampling x; per unit surface area, these
probabilities need to be converted from unit projected solid angle to unit surface area. Using
equation (2.8), these probabilities relate according to

G (Xi <> Xi+1) P<;J_ (Xi < Xi+1) = PM (Xz) =G (Xi < Xifl) P?J_ (Xi,1 — Xi) (39)

See figure 3.3 for a visual representation of the sampling probabilities per unit surface area
for forward and backward sampling.

'For occluded vertices, the visibility term V' (x; <> x;-1) is zero.
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Figure 3.3: Three methods for sampling path vertex x;: Directly on the surface geometry,
through forward tracing from vertex x;_; and through backward tracing from vertex x;41

Often a sequence of consecutive path vertices x;---x; is sampled using either forward
or backward sampling. Using the conversion factors from equation 3.9, the probability of
sampling such a sequence per unit area can be expressed in terms of the probabilities for
sampling the individual vertices per unit projected solid angle. In case of forward sampling,
given path vertex x;_1, the sampling probability per unit area for x; - - - x; equals

H G (Xi s Xifl) HP?J_ (XZ’,1 — Xi) = Py (Xl) (310)

i=s i=s

Similar, for backward sampling, given vertex x;y1, the sampling probability per unit area

equals
t t

H G (Xi <~ Xi+1) H P?L (Xi — Xi+1) = PM (Xz) (3.11)
i=s =5
Using these two equations, it is also possible to relate the backward sampling probability for
a sequence X, - - - Xy to the corresponding forward sampling probability using

t

t t t
1
HP?J_ (Xi — Xi—i—l) = HG (Xi < Xi—l) H m HP?J_ (Xi—l — Xi)
i=s 1=5 1=s r=5 (312)
G (x5 ¢ Xs-1

) t
=—— " | Poi (%1 — X
G (x¢ <> X¢41) g 7+ (Xi-1 )

It is possible to sample some path vertices using backward sampling while sampling other
vertices using forward sampling or surface area sampling. For example, the sequence xs - - - x4

can be constructed by sampling the vertices X3 - - - x5 using forward sampling and sampling
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Xy -+ Xgy1 using backward sampling. The corresponding probability conversion factor be-
comes

s t s k k
HG(XZ <—>X7;_1) H G(XZ <_>Xi+1>HP7L (Xi—l _>Xi) H P?L (Xi %XZ‘_H) :HPM (Xz)
=2 1=s+1 =2 i=s+1 1=2

(3.13)
Sampling a sequence by combining forward and backward sampling is called bidirectional
sampling. Figure 3.4 shows a bidirectionally sampled light transport path. The vertices x¢,x1
and x5 are sampled using surface area sampling, x5 is sampled using forward sampling and
vertices x3 and x4 are sampled using backward sampling. The figure also shows the sampling
probabilities, including conversion factors to convert from projected solid angle to unit area.

P?L (X1 — X2) P‘EL (X4 — X5)

P4 (x1) Pgu(x3 — x4)

Figure 3.4: Bidirectional sampled light transport path, including probability conversion fac-
tors.

Camera Model

Usually, the first two path vertices x¢ and x; are sampled using special sampling methods
that depend on the sensor sensitivity function W; (x; — xp). The sensor sensitivity function
describes how the image is constructed from incoming radiance and corresponds to a camera
model. For a given camera model and corresponding sampling methods for xg and x1, the
sensor sensitivity function is usually not specified explicitly but the following expression is
specified instead

) 1
Wi (x1 = x0) = Wi (x1 = x0) G (%0 > x1) Pr(xo0) Pas (%1)

(3.14)

Where P;(xg) and Py (x1) are the probability of sampling respectively x¢ and x; using the
sampling methods corresponding to the camera model. In this document we will take a simple
finite aperture lens as an example, but other, more complex camera models would give similar
results. Figure 3.5 visualizes the camera model used. The first vertex x¢ is sampled on the
camera lens with probability Pr(xg). Vertex x; is found by sampling a point v on the view
plane V and tracing a ray from x¢ through v into the scene. The first intersection between
the ray and the scene geometry gives x7. Py (x71) is the probability of sampling x; per unit
view plane area, or in other words, the probability of sampling v on the view plane. When
applying the Monte Carlo method to the measurement equation, it is necessary to convert
this probability from unit view plane area to unit surface area. Figure 3.5 shows the relation
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Figure 3.5: Camera model for a simple camera with finite aperture lens.

between these measures and the corresponding probabilities relate according to

Py (x1) _ P (x¢g — X1) _ Py (x1)
(- (x1 —%0))°  2lx; —xof° 1271+ (x1 — x0)

(3.15)

In this equation, [ is the distance from lens to view plane and 7ig is the view direction. Figure
3.5 also shows how the view plane V corresponds to screen space S, depending on [, the
horizontal and vertical field of view angles 6 and 6, and the image width and height w
and h. The point v on the view plane is generated by sampling a point s in screen space S
and constructing the corresponding point on the view plane. If Pg(x1) is the probability of
sampling x; per unit screen space area (probability of sampling s in screen space), another
conversion factor is required to convert from unit screen space area to unit view plane area

412 tan (6,) tan (0,
(6) tan )Pv(xl) = Ps (x1) (3.16)
wh
Or, using p = ij, shortly
pPw (x1) = Ps (x1) (3.17)

Putting everything together, the probability of sampling x; per unit screen space area can be
converted to the corresponding probability per unit surface area using

= s — %))
Lo L= b ) (3.15)

PM (Xl) =

Hence, for the finite aperture camera model, equation (3.14) becomes
l2ﬁ1 . (X1 — Xo) 1

p (7o - (x1 — x0))* Pr (x0) Ps (x1)

Wi (Xl — Xo) = Wz (Xl — XO) G (XO — Xl)

(3.19)
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When x( is sampled uniformly on the lens and s is sampled uniformly in screen space,

Wi (x1 — x¢) = c for the simple finite aperture camera where ¢ is a constant that deter-
mines the total sensor sensitivity.
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Chapter 4

Path Tracing

In this chapter, we discuss the Path Tracing algorithm, based on the work of Cook and
Kajiya [4, 26]. In sections 4.1 and 4.2, we give a detailed discussion of the algorithm. In
section 4.3, we discuss the application of MIS to path tracing, as proposed by Veach [22].
In section 4.4, we present pseudo code for the Path Tracing algorithm. In the remaining
sections, we discuss important extensions of the Path Tracing algorithm. In section 4.5,
we discuss the work of Jensen. Jensen proposed a method to approximate the incoming
radiance at a path vertex using a photon map and use this approximation to guide importance
sampling during path extension [9]. In section 4.6 we discuss the work of Sherly and Talbot
on importance resampling. Sherly proposed to reduce the impact of sampling proportional to
an approximation of the actual importance through importance resampling. He applied this
to the computation of direct lighting [19]. Talbot further generalized the method and applied
it to path extension direction sampling [21, 20]. Finally, in section 4.7, we discuss the work
of Bekaert. Bekaert proposed to combine paths contributing to different pixels to cheaply
increase the number of samples per pixel [1].

4.1 Sampling

Figure 4.1: Path tracing sample.

The oldest unbiased light transport sampling algorithm, now called path tracing, was
developed by Cook [4], based on whitted ray tracing as developed by Whitted [26]. Cooks
deferred ray tracing algorithm has later been modified to solve the rendering equation from
Kajiya [10]. In path tracing, a collection of paths is sampled forward, starting at the eye.
Figure 4.1 shows a single path tracing sample. A sampler starts by tracing a path y;-- -y
forward from the eye, through the image plane into the scene. The path is repeatedly extended
with another path vertex until it is terminated. At each path vertex, the path is terminated
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with a certain probability using Russtan roulette. Each path vertex y, is explicitly connected
to a random point z on a light source to form the complete light transport path y,---y,z
from the eye to the light source. These complete paths are called explicit paths. However,
when the path ’accidentally’ hits a light source at vertex y,,, this path y;-- -y, also forms a
valid light transport path. Such paths are called implicit paths. Hence, light transport paths
may be generated as either an explicit or implicit path. For simplicity, we assume that light
sources do not reflect any light, so the path may be terminated whenever it hits a light source.

When a path is generated using path tracing, part of the path is sampled using forward
sampling. In order to compute the Monte Carlo contribution of such a path, the probability
of sampling these vertices per projected solid angle needs to be converted to unit surface
area as explained in section 3.4. Using equations 3.10 and 3.18, the probability of generating
an implicit path xg---x; per unit path space can be expressed in terms of the sampling
probabilities for the individual vertices as

l2ﬁ1 X1 — Xo) Rl
pr (X0« Xp) = 5 || G (xi < xit1)
p (7o - (x1 —%0))” ;5
k

Pr (x0) Ps (x1) HP?J_ (xi—1 = X;) (4.1)

k Z
=Py (xo) [ [ Pas (x:)

i=1

The probability of sampling explicit paths is the same, except for the last path vertex which
does not require any conversion factors because it is sampled directly per unit surface area

3y = 1?7y - (x1 — Xq) % 45 Xoin) -
pr o) P(ﬁO'(Xl—Xo))gzl;[lG( i)
k—1
Py (x0) Py (x1) [ Pos (xic1 = xi) Pas (x5) (4.2)
=2

k

=P; (x0) [ [ Pur (xs)
i=1

Note that during path tracing, the inverse probability for Russian roulette termination at ver-
tex x;_1 is assumed to be incorporated in the forward sampling probability P=. (x;—1 — X;).

As explained in section 3.2, the variance in the estimate can be reduced significantly by
applying importance sampling, thus by generating light transport paths proportional to their
measurement function f. In general it is not possible to sample proportional to f without
knowing f beforehand !. It is however possible to reduce the variance of the estimator by
sampling according to an approximation of f. In path tracing, this is usually done locally
during path generation. At each path vertex x;, the importance of the next path vertex x;1
is proportional to the reflected radiance L(x;11 — X;)fr(Xit1 — X; — Xi—1)G (X; < Xi41).
This leads to two importance sampling strategies:

n chapter 6, the Metropolis-Hastings algorithm is used to generate a sequence of correlated samples
proportional to f.
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1. Try to locally estimate L(x;4+1 — X;) or L(xj+1 — X;)G (X; <> X;+1) and sample x;41
accordingly

2. Sample x;41 proportional to f,(x;+1 — X; = X;—1)G (X; > Xj4+1)

The strategies are visualized in figure 4.2. The gray shape represents the local BSDF'. In the
left image, the outgoing direction is sampled proportional to the BSDF, while in the right
image, the outgoing direction is sampled according to the estimated incoming radiance L.
Both strategies are used during path tracing. Most radiance is expected to come directly

_O_ _O_

Figure 4.2: Importance sampling along to the local BSDF and towards the light source.

from light sources, so explicit connections are a form of importance sampling according to
L. The second method of importance sampling is used during path extension, where the
outgoing direction is usually chosen proportional to f.. Note that these strategies are very
rough, as explicit connections only account for direct light while extensions only account for
local reflection.

Importance sampling is also combined with Russian roulette to terminate paths. During
sampling, the termination probability at path vertex x; is chosen proportional to the estimated
fraction of incoming radiance that is absorbed. Usually, the absorption estimate is based on
the local BSDF.

4.2 Path contribution
The contribution of a sampled path X = xg---x; to the Monte Carlo estimate equals %
(see section 3.1). The measurement contribution function f (X) shares several factors with
the sampling probability p (X) for sampling explicit and implicit paths from last section,
which will cancel out in the Monte Carlo contribution %.

After canceling out the common factors, the Monte Carlo contribution of an implicit path

equals

k—1
fj (X()...Xk) 2 fr (Xi+1 —)xiﬁxiil)
= Wjx1 = x Lo (X5 — Xpo_ 13
pr(Xo---xx) b O)E Pzo(x; — Xiy1) (e k1) (43)

All geometric factors cancel out because they appear in both equations 4.2 and 2.7. Note
that we used the modified sensor sensitivity function W; from section 3.4.
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Furthermore, after canceling out the common factors, the contribution for an explicit path
becomes

f( Xk) k_2f( )
j (X0 2 r(Xi+1 — X — X4—1
—— = =W, (x; = x | |
PE (XO"'Xk) j( ! 0) f;& (Xz‘—>Xi+1)

i=1 (4.4)

Le (Xk — Xk—l)
PM (Xk)

fr (X = X1 = Xp—2) G (Xp <> Xp—1)

Because the last vertex is not sampled using forward sampling but using surface area sampling,
the geometric factor in f; between the last two vertices does not cancel out and therefore
appears in the final contribution.

Figures 4.3 and 4.4 show an implicit and explicit sampled light transport path, visualizing
the factors in their contributions. The figures give an indication of the order in which these

Jr (X3 — X2 — x1)
Ps. (X’Z — X:i)

Wi (1 — x0)

Jr (%2 = X1 = %) Jr (X4 — X3 — X)

Pz (x1 — x2) P (x5 — X4)

Figure 4.3: Monte Carlo contribution of implicit path.

fr(x3 = X2 — x1)
P31 (x2 — X3) Le (x4 — X3)
Py (x3 — x4)

s 1
Wi (x1 = xo) >

\

I

-~
.f:‘l:\,/ m \\
e
e

Jr (X2 = X1 — Xo) fr (X4 — X3 — Xz)
P (x1 — x2)

Figure 4.4: Monte Carlo contribution of explicit path.

contributions are computed during sample construction, starting with evaluating the sensor
sensitivity function and iteratively extending the path, evaluating the BSDF and sample
probabilities and finally evaluating the light source emittance.

4.3 MIS weights

As explained in section 3.3, when light transport paths may be sampled through multiple
sampling strategies, the samples need to be combined using Multiple Importance Sampling
as proposed by Veach [23]. For optimally combining implicit and explicit samples, we need
to compute their importance weights according to the power heuristic. All but the last path
vertex are sampled according to the same probability distributions for both explicit and
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implicit paths. Therefore, when computing the weights for MIS, the common factors cancel
out and only the probabilities for sampling the last path vertex using forward sampling and
surface area sampling are used. For implicit paths, the power heuristic equals

pr(xo---xz)"

PE (XO"'Xk)’B-i-PI (x0---Xz)

B

5 (4.5)
_ (P?L (Xk,1 — Xk) G (Xk <~ Xk71)>
Pas (x1)” + (Paro (xp-1 = i) G (xp ¢ Xp-1))”
For explicit paths, the power heuristic equals
B
X ... X
wg (X0 X)) = P ; k) 5
pE (X0 Xx)” +pr(Xo---Xx) (4.6)

Py (xz)”
Py (xk)ﬁ + (Pz1 (xp—1 = xx) G (X <> Xg—1))

B

4.4 Algorithm

Using the contributions and MIS weights from previous sections, we can construct a path
tracing sample and compute its total contribution. Algorithm 1 gives the pseudo code for
generating a PT sample. The algorithm returns the combined contribution of all explicit and
implicit paths in the generated sample. The algorithm starts by generating vertex y, on the
lens. Then, y, is sampled by tracing a ray through the view plane according to the sampling
probability Pg (y;) per unit screen space area (see section 3.4). If the scene is not closed, the
ray may miss all geometry, failing to generate vertex y;. In this case, the path immediately
terminates. Otherwise, the sample is extended iteratively.

During extension, it is first checked to see if the path so far is a valid implicit path. If so,
the corresponding importance weight and contribution are computed and added to the total
sample contribution. In the computation of the importance weight, Py (y;) is the probability
with which y, would have been sampled as the light vertex if this path was constructed as an
explicit path instead. Note that paths of length 1 can only be sampled using implicit paths
and thus their importance weight equals 1.

Then, an explicit connection is made by generating a vertex z on the light source. If
the current vertex y; and the light vertex z are not visible from one another, the connec-
tion failed. Otherwise, the importance and contribution of the explicit path are computed
and added to the total sample contribution. In the computation of the importance weight,
P31 (y;_1 — y; — z) is the probability with which z would have been sampled as the next
path vertex if this path was constructed as an implicit path instead.

Finally, the next path vertex is sampled through forward sampling. This again requires
ray tracing. The path may be terminated for two reasons; either it is terminated through
Russian roulette or the generated output ray misses all geometry, effectively terminating the
path. If the path is not terminated, the path is extended by another vertex during the next
iteration. Note that the Russian roulette probability is assumed to be incorporated in the
sampling probability Pz . (y; — y;1). Hence, with non-zero probability, no next vertex may
be generated. When the path has terminated, the total sample contribution is returned.
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Algorithm 1 : PT()

color + black

sample y, ~ Pr (yo)
sample y; ~ Ps (y1)

fx W (y1 = ¥o)

140
while path is not terminated do
141+1

{ Check implicit path}
if Lc(y; = yi_1) >0 then
if ¢>1 then
Py (Yi—l - Yi) —Pri(yio —y)G (Yi—l A Yi)
Pﬂl(yifl_}yi)ﬂ

(e B
Pr(y) +Py(yi1—y;)

else
wr <1
end if
color + color + wr fx Le (yi — yi_l)
end if

{Make explicit connection}
sample z ~ Py (z)
if V(y;<>2z)=0 then
Pri(2)°
Prr(2)°+(Po 1 (yifl_)yi_}z)G(yin))ﬁ
color < color + wpfx fr (2 = y; 2 yii1) G(z ¢ y;)
end if

WE <

Le(z—y,)
Py (z)

{Extend path}
sample y; 1 ~ P31 (y; = Yit1)
. fr(y'i+14)yi4)yi—l)
Fx e fx Pyt (¥i=Yit1)
end while

return color
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4.5 Photon Map Importance Sampling

Remember from section 4.1 that during extension at some path vertex, the next path vertex
x;+1 should optimally be sampled proportional to L(x;+1 — X;) fr(Xi+1 — X; = X;—1)G(Xi+1 <>
x;). Hence, the projected outgoing direction , should be sampled proportional to L(x, wW,) f(x, Wo, ;).
So far, we only used a local approximation based on the BRDF'. Using such an approximation
does not account for L(x,w,) and therefore it often is very inaccurate.

Jensen proposed a method to approximate the incoming radiance L(x,,) with a photon
map and use this to guide importance sampling during extension [9]. Initially, many photons
are traced, starting from the light source and bouncing through the scene. Each time a
photon interacts with a surface, the photon is stored in a photon map. During path tracing,
this photon map is used to compute an approximation IAJ(X,’LEO) of the incoming radiance
at x. Using this approximation, the outgoing extension direction w, can now be sampled
proportional to f/(x, W) fr (X, Wo, W;)

Before extending the path, the unit hemisphere around x is mapped on a unit square and
discretized. Then, the N nearest photons are located in the photon map. These photons are
used to compute ﬁ(x,iﬂo). Each photon represents an amount of incoming radiance along
some incoming direction ¥;. Therefore, for each photon, the corresponding reflected radiance
L(x,v;) fr(x,7;, ;) is computed and accumulated in the corresponding region on the unit
square. Finally, a point on the unit square is sampled proportional to the accumulated
radiance. The corresponding outgoing direction is found by an inverse mapping from the unit
square to the unit hemisphere.

This method samples outgoing directions roughly proportional to reflected incoming radi-
ance. Note however that the additional sampling cost is relatively high. A photon map needs
to be generated, the N nearest photons need to be found and their contributions need to be
computed. For this method to be efficient, the evaluation of the BRDF is assumed to be rel-
atively cheap, as it must be evaluated for all N photons. Furthermore, the incoming radiance
L(x,,) is assumed to vary significantly. If not, sampling proportional to f,.(x, wW,, ;) would
suffice.

4.6 Importance Resampling

When applying importance sampling to path tracing, one often needs to sample proportional
to some known function f. For example, during extension, the outgoing direction is preferably
sampled proportional to the BRDF f,.. Furthermore, during an explicit connection, the
light vertex x is preferable sampled proportional to f, (x — x — x”) G (x <» x') L. (x — x/).
Although most of these functions are known in advance, it often remains hard to generate
samples proportional to them. Therefore, instead of sampling proportional to f, samples
are generated proportional to a more convenient approximation f ~ f. However, using an
approximation usually increases the overall variance in the estimator; The further off the
approximation, the worse the variance.

Sherly proposed to reduce the impact of using an approximation through importance
resampling. He applied this to the computation of direct lighting [19]. Talbot further gener-
alized the method and applied it to path extension direction sampling [21, 20].

Instead of generating a single sample X proportional to f, N candidate samples X7 --- Xy
are generated, proportional to the approximation f . To correct for the use of an approxima-
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tion, a final sample is selected (resampled) from the candidate samples. All candidate samples
are weighted with w; = ;E?; If the weight of a candidate sample is high, it indicates that
the corresponding value is {mdersampled. If the weight is low, the corresponding value is
oversampled. To correct for this under/oversampling, the final sample is resampled from the
candidate samples, proportional to their weights.

For N = 1, the method deteriorates to importance sampling proportional to f As
N — oo, the method samples more proportional to the intended function f, at the cost
of requiring the generation of more candidate samples. The value N can be used to trade
between sampling quality and sampling cost.

This method is easily applied to path tracing. Whenever it is impossible to sample out-
going directions proportional to f,., importance resampling can be combined with a more
convenient approximation to improve the sampling quality. Similar, when generating light
vertices for explicit connections, importance resampling can be used to improve the quality
of the samples, sampling roughly proportional to both the BRDF f, and the light source
emittance L.

4.7 Path Re-Using

The PT algorithm described so far generates a new independent path for each pixel. Because
generating a single path is costly, it can be worthwhile to reuse part of the path to cheaply
generate new, correlated samples. Bekaert proposed to combine paths contributing to different
pixels to cheaply increase the number of samples per pixel [1]. First, N independent paths
X1 .- Xy are generated, with X; = xf)xilxé -+, each path contributing to a different pixel.
Then, these paths are reused by connecting the primary ray xf)xil of each path i to the
remainder x3 - - - of the other N — 1 paths j # i to produce the paths x{xix}--- (see figure
4.5). The number of samples per pixel is increased N’fold at the cost of only a single extra

X X; Xj
S o ‘ 5 A
X% e

%
N

X3
Figure 4.5: Path Re-Use
shadow ray per newly generated sample. Because the reused samples share part of their paths,
this method increases the correlation between image pixels. By using slightly interspaced

pixels for a single group, visual artifacts due to correlation are minimized. The value N can
be used to trade correlation for efficiency.
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Chapter 5

Bidirectional Path Tracing

In this chapter, we discuss the BiDirectional Path Tracing algorithm, independently developed
by both Veach and Lafortune [22, 12]. In sections 5.1, 5.2 and 5.4, we describe the BDPT
algorithm in detail. In section 5.3, we present a novel computation schema for constructing
the balance heuristic weights for BDPT samples. In section 5.5, we discuss the work of
Lafortune, who extended the BDPT algorithm for rendering participating media [13].

5.1 Sampling

Figure 5.1: BiDirectional Path Tracing Sample generates light transport paths by connecting
an eye path an a light path

In the PT sampler from last chapter, all but the last path vertex are sampled by tracing
a path forward from the eye into the scene. This is not always the most effective sampling
strategy. In scenes with mostly indirect light, it is often hard to find valid paths by sampling
backwards from the eye. Sampling a part of the path backward, starting at a light source
and tracing backward into the scene, can solve this problem.

This is exactly what the BiDirectional Path Tracing (BDPT) sampler does. BDPT was
independently developed by Veach and Lafortune [22, 12]. It samples an eye path and a light
path and connects these to form complete light transport paths. The eye path starts at the
eye and is traced forward into the scene, like in the PT sampler. The light path starts at a
light source and is traced backward into the scene. Connecting the endpoints of any eye and
light path using an explicit connection results in a complete light transport path from light
source to eye.

Like the PT sampler, for efficiency, instead of generating a single path per sample, the
BDPT sampler generates a collection of correlated paths per sample. Figure 5.1 shows a
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complete BDPT sample. When constructing a sample, an eye path and a light path are
sampled independently, where after all the vertices of the eye path are explicitly connected
to all the vertices of the light path to construct valid light transport paths. Each connection
results in a light transport path.

Let X € Q be a light transport path of length k& with vertices xg - - - X, that is part of
a BDPT sample. This path can be constructed using one of k£ + 1 different bidirectional
sampling strategies by connecting an eye path Y* = y,---y, of length s > 0 with a light
path Z' = z;...z; of length ¢t > 0, where k = s +t (y; = x; and z; = X;_;11). Note that
both the eye and light path may be of length zero. In case of a zero length light path, the
eye path is an implicit path and should end at a light source. In case of an eye path of length
0, the light path is directly connected to the eye. We will not deal with light paths directly
hitting the eye!.

The probability of bidirectionally generating a complete path X by connecting an eye path
of length s with a light path of length ¢t = k — s equals ps (X). Each bidirectional sampling
strategy represents a different importance sampling strategy and has a different probability
distribution over path space. Hence, by combining all sampled paths using MIS, the strengths
of these different sampling strategies are combined in a single unbiased estimator. By incor-
porating the termination probabilities into the path sampling probability ps (X) (similar to
the PT sampler), the number of samples per strategy n; becomes 1. Applying the power
heuristic to the BDPT sampler results in a MIS weight function of

ps (X)”
Yo pi (X)”

Now let us turn to the computation of the probability p; (X) for any 0 < ¢ < k. This
probability equals the probability of sampling all the individual vertices on the path per unit
area. Each vertex is either sampled as part of the eye path or the light path. In this case,
the first ¢ vertices are sampled as part of the eye path Y* (s =4). The remaining t = k — s
vertices are sampled as part of the light path Z‘. The case with s = k corresponds to implicit
paths as sampled by a path tracer, hence their probability remains

w, (X) = (5.1)

k k

- s [[ G (xi <> xi1) - Pr(x0) Ps (x1) [ [ Pors (xi-1 — xi)
p (no ’ (Xl - XO)) =2 =2

1?71 - (x1 — X0)

k
=P; (xo) [ [ Pu (x:)
i=1
(5.2)
Similar, for the case where all but vertex xq is sampled backward from the light(s = 0), the
probability becomes

k-1 k—1
Po (XO s Xk) = H G (Xi < Xi+1) . P] (Xo) H P?L (Xi < Xi+1) PM (Xk)
i=1 i=1
. (5.3)
=P (x0) [ [ Pu (x:)
=1

LA light path can only directly hit the eye when a camera model with finite aperture lens is used. The
contribution of such paths is usually insignificant.
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Note the absence of the extra conversion term to convert Pg(x;) from unit screen space to
unit surface area because x; is sampled as part of the light path. Finally, Using equation 3.13
from section 3.4 for converting bidirectional sampling probabilities to unit surface area, the
sampling probability for all remaining paths becomes

s k—1
)3 G(XZ (—)Xifl) H G(XZ (—)XH,l)-
) i=2 i=s+1
s k—1
Py (x0) Ps (x1) [[ Por (i1 = xi) [] Poe (xi ¢ %it1) Par (x)  (5:4)
=2 i=s5+1

l2ﬁ1 . (Xl — X

p (Mo - (x1 — Xq)

k

=Py (xo) [ [ Par (x2)

i=1

BDPT requires many correlated connection rays to be traced. It is possible to reduce
the number of connection rays by applying Russian roulette to the connections. Instead of
making all connections, each connection is made with a certain probability, based on the
contribution this connection would make to the estimator if it would succeed. By correcting
for this probability, the estimate remains unbiased. Note that this optimization is also a form
of importance sampling; Connections are sampled according to their estimated contribution.
The estimate is based on the assumption that the connection will actually succeed.

5.2 Path contribution

The contribution of a sampled path X = xg---x; to the Monte Carlo estimate equals %
(see section 3.1). Just like paths sampled through path tracing, the measurement contribution
function f (X) shares several factors with the probability p (X) for bidirectionally sampling

paths per unit path space, which again cancel out in the Monte Carlo contribution %;8.

In the last section, we saw that a path X = xq---x; of length k£ can be sampled using
either one of k + 1 sampling strategies. Furthermore, we defined p, (X) as the probability of
bidirectionally sampling X by connecting the eye path Xq - --x, of length? s with the light
path xg41---x; of length ¢t = k — s. Paths sampled using light paths of length ¢ = 0 and
t = 1 correspond to implicit and explicit paths as sampled by a path tracer. We already
showed how common factors cancel out in the contribution of implicit and explicit paths in
section 4.2. What is left are the contributions for paths sampled using any of the remaining
bidirectional sampling strategies.

For paths sampled with a zero length eye path (s = 0), all vertices except Xy are sampled
as part of the light path. After combining equations 5.3, 3.18 and 2.7 and canceling out the

2Note that because X is also part of the eye path, an eye path of length s contains s + 1 vertices.
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common factors, the Monte Carlo contribution of these paths equals
, 1277 - —
fi (%0 xx) 1, (x1 — %0) 111 (x0 — x1)
Po (X0 - X) p (i - (x1 — %))
fr (XQ — X1 — X0)

3 PS (Xl)

H fr Xj+1 — X5 — X5 1) (55)
Pg i (x-1 <+ x5)
Le (Xk — kal)
PM (Xk) P?L (Xk,1 — Xk)

Note that we again used the modified sensor sensitivity function Wj 3.4. For all other bidirec-
tional strategies, using W; removes the conversion factor from unit screen space to unit surface
area resulting from sampling x; per unit screen space. However, when s = 0, x; is sampled as

part of the light path and is therefore not sampled per unit screen space. Hence, no conversion
l2ﬁ1-(x0—x1)

p(iio-(x1—%0))" "

Finally for the remaining sampling strategies with 0 < s < k — 1, after canceling out the

common factors, the Monte Carlo contribution of a path equals

pfi gz - ﬁi’,ﬁi 1, (x1 — xo)

is required. Consequently, using W, introduces an extra correction factor

H fr Xj+1 = Xj = Xj-1)
Pz (x5 = Xj41)

f,« (xs+1 — X5 = Xs-1) G (X5 ¢ Xs41) fr (Xs42 = Xs41 — Xs) (5.6)

H fr(Xj1 = X5 = Xj-1)

Pjerl P (xj-1 ¢ %)

Le (Xk — kal)
Py (Xk> P<;L (Xk,1 — Xk)

All geometric factors on the eye and light path cancel out because they appear in both
equation 5.4 and 2.7. The only remaining geometric factor corresponds to the connection
edge between x¢ and xgy1.

Figures 5.2 and 5.3 show light transport paths sampled with bidirectional sampling strate-
gies corresponding to s = 0 and s = 2. The figures visualize the factors in these paths’ Monte
Carlo contributions. The figures also give an indication of the order in which these contribu-
tions are computed during sample construction. For the eye path, construction starts with
evaluating the sensor sensitivity function and iteratively extending the eye path, evaluating
the BSDF and sample probabilities. For the light path, construction starts with evaluating
the light source emittance and iteratively extending the light path, evaluating the BSDF
and sample probabilities. Finally, the eye and light path are explicitly connected and the
connection is evaluated.

5.3 MIS

Besides computing the contribution for each bidirectional path, a MIS weight needs to be com-
puted. Veach proposed a method for efficiently constructing balance heuristic weights. Their
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fr (X3 — x2 — Xx1)
P(FL (Xl — XQ) Le (X4 — X3)
P]\,] (X4) P{EL (Xg — X4)

Wi (x1 — %o) Ps (x1) \\\ 1y,

\

‘/m

fr (%2 = x1 = Xo) fr(xa > x5 > x5)
P(EL (x2 < x3)

Figure 5.2: Monte Carlo contribution of path sampled by connecting a light path directly to
the eye.

fr (X3 = X2 — X1) L. (x4 — x3)
\‘ Pj\[ (X4) P‘;L (Xg — X4)
. . 11
Wi (x1 — Xo) ) \Q/ > N2
& = =
Dy — ~
.
N / 0\
\\:IA 11\ \
\‘i})/
.
Ir (X2 — x1 — Xo) fr (x4 — x3 — X3)

P?L (X1 — XQ)

Figure 5.3: Monte Carlo contribution of bidirectional sampled path.

method computes the ratio p;(i)%() forall¢=0---k—1. Then, these ratios are repeatedly ap-
plied to ps (X) to find the remaining probabilities psy1 (X) - - pr (X) and ps—1 (X) - - - po (X).
The balance heuristic is then computed by combining these probabilities. Although this com-
putation schema is very generic and fairly efficient in terms of computations, the number of
operations to construct the weight depends on the path length, requiring data from all ver-
tices on the path. This prevents efficient parallelization of both computations and memory
access. We propose a different schema for computing the power heuristic weights. During the
construction of the eye and light paths, we recursively compute one extra quantity in each
path vertex. Using this quantity, the weights for each connection can be constructed locally,
requiring only data from the eye and light vertex directly involved in the connection.

In the remainder of this section, we use the following abbreviations for the forward and
backward sampling probabilities of individual path vertices

?i = Pgl (XZ',1 <— Xi) G (Xifl < Xi)
?i = P?L (XZ' — Xi+1) G (Xi — Xi+1)

D rr1 = P (xp)

Thus, the bidirectional sampling probability 3.13 becomes

s=1  k+l
ps (x0---xx) =P (xo) [[ 7 [] P
=0 imst2
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(200) - b

Figure 5.4: The power heuristic weights can be split up in three parts.

Now, instead of directly computing the weights for each connection, it is easier to compute
the inverse weights
pi (X)
s (X)

Based on common factors in the terms, this equation is split into three parts, as shown in
figure 5.4.

1 — pi (X) ; (X)
X)=Z£EX+ +Zp % (5.7)

=0 &' 1= s+1

The first term in equation 5.7 represents all sampling strategies with less than s eye
vertices. These strategies all sample at least the vertices xy - - - x¢ as part of the light path.
Hence, the probability of sampling these vertices is a common factor in both numerator and
denominator and cancel out. Furthermore, all forward sampling probabilities appearing in
the numerator also appear in the denominator and thus cancel out as well, resulting in

s—1 s—1 s+1 —
pi (X) | | P P D j+1
= — 1 s = ps 1
N e L

By expending the last term in this summation, the sought after recursion appears

s—1 — —
pi (X) 1 D s D j+1
Z; Ds (X) _$8+1 2:7 s—1 * Z:j s—1 Zz; ? H ?:jj

Jj=i+1

The base case for dSE depends on the particular camera model used. During the construction
of the eye path, this quantity is recursively computed for each eye vertex. Using this quantity,
the first term in equation 5.7 reduces to

s—1
i (X
S _ g, (5.8)



Hence, by using the precomputed quantity dSE when making a connection, the first term can
be computed locally, requiring only data from the eye vertex involved in the connection and
a fixed amount of operations, independent of the path lengths.

The second term in equation 5.7 corresponds to the strategy with exactly s eye vertices and
is the strategy actually used to sample this path. Because both numerator and denominator
are the same, this term reduces to 1.

Finally, the last term in equation 5.7 is similar to the first term and represents all sampling
strategies with more than s eye vertices. After eliminating all common factors, this sum
become

i (X)
ps()( ?? 2{:

i=s+1

II §7J+1

%
Pit1 200

The corresponding quantity dSL ‘1 is defined as

Zk: R 1+d8+2?8+1

d
s+1 = — —
Pi+1 Dj+1 P s+2

i=s+1 Jj=s+1

Again, the base case for dSLJrl depends on the particular emission model used. During the
construction of the light path, this quantity is recursively computed for each light vertex.
Hence, the last term in equation 5.7 reduces to

=di T (5.9)

1=s+1

By subsituting equations 5.8 and 5.9 into equation 5.7, the equation reduces to

1+dipy ifs=0
= dk$k+1+1 ifs=k
d- p s+1+ 1+ ds+1? otherwise

ws (X)

Note that the value ?s in the quantity d” depends on both the eye an light vertex involved
in the connection. Because the light vertex is not known during the construction of the eye
path, d¥ can only be computed from d¥ ; when the actual connection is made. The same
holds for dZ ;.

Finally, a word on computing the probabilities o p; and ? Due to the geometric factor
in these probabilities, two path vertices are required to compute these. However, by carefully
splitting up these computations, data from only a single vertex is required for computing each
part. For example, p; can be split into

</ - —
P = |1 -]
e |&i—1 - 74
Pi=PiP (xic1 ¢ Xi ¢ Xiy1) 5
[Ixi — xi—1]]
With &; the outgoing extension direction at vertex x;. During eye path construction, ?; is
computed in vertex x;_; and ?Z is computed from %; in vertex x;. The computation of ?Z

during light path construction can be split up in a similar way.
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Remember that the balance heuristic is not the only valid MIS weight schema. A recursive
computation scheme for the more generic power heuristic can easily be obtained by raising all
probabilities 9 and 7 to the power of 8. Similar, the maximum heuristic can be obtained
from the balance heuristic by substituting all addition operators by maximum operators.

Path termination

In the recursive formulation of the eye path quantity dF, we need to evaluate the reverse

sampling probability ?Z At the time of evaluation, no information about the light path is
available. Therefore, this evaluation must be independent of the light path. Because of these
restrictions, any sampling decisions at a vertex may only depend on local information such as
the incoming and outgoing direction and the surface properties. However, it may not depend
on global path information, such as the vertex index on the path, because the light path
length is not known while evaluating these reverse probabilities. Note that the probability
to terminate the path at a vertex during construction is part of its sampling probability.
Usually, Russian roulette is used to decide termination. Because of the former restriction, the
Russian roulette method may also only depend on local vertex information and not on the
global vertex index in the path. The same holds for computing ?Z on the light path.

5.4 Algorithm

Using the contributions from the previous section and the recursive MIS weights from section
5.3, we can now construct a BDPT sample. The pseudo code for generating such a sample is
given by algorithms 2, 3 and 4.

Algorithm 2 generates an eye path y - - -y, and is somewhat similar to the path tracing
algorithm (see algorithm 1), but without the evaluation of explicit and implicit paths. Instead,
the recursive MIS quantities for the path vertices are computed. The algorithm samples the
first two vertices according to the camera model and iteratively extends the path with extra
vertices until the path terminates. As with the path tracing algorithm from chapter 4, the
eye path is terminated either because the extension ray misses all scene geometry or due to
Russian roulette. Again, the Russian roulette probability is assumed to be incorporated in
the forward sampling probability. Note the special case which occurs while extending vertex
x1. This special case allows us to use the modified sensor sensitivity function Wj and relieves
us from evaluating P (y, < y1)P.

Algorithm 3 looks a lot like algorithm 2 and generates a light path z; ---zy,. The main
difference is that the first vertex z; is sampled on the light source instead of on the lens and
that the second vertex zs is sampled using backward sampling from the light source. No
special case is required when extending zs.

After both the eye and light path are sampled, algorithm 4 evaluates all connections and
computes the total sample contribution. The algorithm iterates over all Ng + 1 eye vertices,
checking for implicit paths. If an implicit path is encountered, the path contribution and
importance are computed and added to the image along the first path edge. For each eye
vertex, connections are made to all Ny light vertices on the light path. For each pair, a
connection is established. If the vertices are not visible from one another, the connection
failed. Otherwise, the importance and contribution of the path are computed and added to
the image along the first path edge. Note that special care must be taken when the vertices
Yo and z; are involved in the connection. Also, instead of accumulating the total sample

38



Algorithm 2 : SampleEyePath

sample yo ~ Pr (yo)
sample y; ~ Ps (y)

Fg < W (yl — yo)
DY +o0
Y ([ plioy1=y)® p
Py« (Sl pg (y,))
140
while path is not terminated do
1 1+1
sample y; .1 ~ Pz (y; = ¥ii1)
Y y Fri—oyioyia)
Fi < Fi_l P?J_(Yi*}yi-}—l)
?i—l = -Pgil
if i = 1 then
<ﬁl‘ ~—0
else
i (Psi (yic1 < ¥:) G (yie1 € ¥4))
end if
DY «

B

1+%:DY ,
i—1
Py (Pai (yi =2 ¥ip1) G (vio1 © yi))ﬂ
end while

contribution as done in PT algorithm 1, all contributions are directly accumulated on the
image. This is necessary because not all paths in the sample contribute to the same image
pixel.

5.5 Participating Media

Up until now, we assumed that light only interacts with the scene at surface geometry. In re-
ality however, light may also interact with participating media present in the scene. Lafortune
extended the BDPT algorithm for rendering participating media [13]. The rendering equation
2.1 is only defined at point on the surface geometry. However, when rendering participating
media, light may be scattered and absorbed at any point within the volume of participating
media. Therefore, the rendering equation must be extended to incorporate these events. The
rendering equation at any point within a medium corresponds to

PLEE0N) _ o) [ o0 @) L (6,50 N dor (8) — (0L (6, G ) (5.10)
SQ

In this equation, o (x) is the scattering coefficient and & (x) the extinction coefficient at a
point x in space. The function fs (x,d,,d;, A) is the Bidirectional Scattering Distribution
Function, describing the fraction of incoming light along &; that is scattered towards .

39



Algorithm 3 : SampleLightPath

sample z; ~ Py (z1)
sample zg ~ P21 (z1 — z2)

Z Le(z2—21)

Y P (21) Py 1 (21—23)
Z 1

Dy « Py (z1)

PZ « (P21 (21 — 22)G (21 ¢ 2))°

141

while path is not terminated do
11+ 1
sample z; 11 ~ P 1 (2; — Zit1)

Z Z | [r(Zic1—=2i—2i41)
Fi — Fl_l P?L(zi—>zi+1)

?z’ ((— PFL (Zi—l < Zz’) G (Zi—l S a Zz))ﬁ
?i—l — -Pzz_l

— nZ
Z 1+p:D7
D7 <+ —

P? « (Pz. (2 — 2i41) G (zi-1 <> 2))°
end while
NL — 1

The extended rendering equation describes how the change in radiance at point x along &,
depends on both the damping of incoming radiance along &, and the scattering of radiance
coming from any other incoming directions &J; towards .

Figure 5.5: Bidirectional sampling with participating media.

To simulate this equation, light transport path may now contain scattering vertices within
participating media. In the context of BDPT, this means that while generating an eye/light
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Algorithm 4 : Connect

for i =0to Ng do
{Check implicit path}
if i > 0 and L. (y; — y;_;) then

Py (Pri(yim1 < ¥:) G (yio1 < w))ﬁ
?Z < PM (yl)ﬁ
D+ 1+ 1+$YD1 Py,

F < FY\Le (Yz = ¥i1)

w5

contribute wF" along edge y,y,
end if

{Connect to light path}
for j=1to N; do
if y, is visible from z; then
D<+1
if >0 then
Py« (Prr(yic1 < ¥:) G(vi1 & Yi))ﬁ
Tz (Par (252 y)Gyi & 2))

D
DeD+E%#J?

F«— FFf, (Z] -y~ Yifl) G (y; < zj)
else

F W(zj —¥o)
end if
Py « (Pyi(y; = 2;) G(y; < 2)))
if 7>1 then

?Z % P%J_ (Z] 1 < Zj) G (Zj,1 < Zj))

D+ D+ 1+$ZDJ SRS S N S0

F+ F. Fj_lfr (ZJ_H —z; =Yy;)
else .
D« D+ 552~
Pur(z1)
F+« F-Lc(z1 —y;)
end if
w5
if i = 0 then
contribute wk' along edge y(z;
else
contribute wF' along edge yqy;
end if
end if
end for
end for

l2ﬁ2 ; '(yO_Zj)
]—P 7z
P(ﬁyo'(zj—yo))3 s ( ])

B

B
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path, the path scatters in mid-air with non-zero probability. Figure 5.5 shows an example
BDPT sample accounting for scattering events. Again, during connection all vertices from the
light path are connected to vertices on the eye path to generate complete light transport paths,
scattering vertices are included in these connections. The path contribution and weights must
account for the scatter and extinction probabilities along the connections.

During eye/light path generation, the next path vertex may be either a vertex on the
surface geometry or within participating media. After each extension, the nearest surface
intersection point with some distance d is computed. Then, a random scattering distance
s is selected, based on the media’s scattering and absorption characteristics. This distance
indicates at what point along the ray the path will scatter. If this distance is further than
the nearest intersection point (s > d), the intersection points is handled as usual. Otherwise
(s < d), the scattering point is added as the next path vertex. Note that the selection of the
scatter distance s based on the media’s scattering and absorption characteristics is a form of
importance sampling. This algorithm is capable of rendering scenes containing heterogeneous
participating media.
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Chapter 6

Metropolis Light Transport

In this chapter, we discuss the Metropolis Light Transport algorithm. In section 6.1, we start
with a discussion of the Metropolis-Hastings algorithm, proposed by Metropolis and further
generalized by Hastings [15, 6]. Following, we discuss the application of Metropolis-Hastings
to light transport in detail in sections 6.2 and 6.3, resulting in the Metropolis Light Transport
algorithm as presented by Veach [22]. In the remaining sections, we will discuss several
important extensions to the MLT algorithm; We discuss the work of Pauly in section 6.4.
Pauly extended MLT to support participating media, proposing two extra mutation strategies,
the scattering and propagation mutation, specially designed for rendering participating media
[18]. In section 6.5, we discuss the work of Szirmay-Kalos. Szirmay-Kalos presented an
analysis of the start-up bias problem in MLT, analyzing its impact on the estimate [14].
In section 6.6, we discuss an alternative mutation strategy, proposed by Kelemen. This
mutation strategy works on random number instead of path vertices [11]. In section 6.7, we
discuss Hoberock’s work on the use of different importance functions in MLT, resulting in
a noise aware MLT sampler [8]. Cline developed the Energy Redistribution Path Tracing
(ERPT) algorithm, discussed in secion 6.8. ERPT solves some of MLT’s problems, as ERPT
does not suffer from startup bias and does not require an accurate and unbiased estimate
of a normalization constant [3]. Finally, in section 6.9 we discuss how Lai and Fan used the
population Monte Carlo framework to adapt MLT mutation strategies during sampling, based
on information gathered so far during sampling [28, 5].

6.1 Metropolis Sampling

As explained in section 3.2, perfect importance sampling requires sampling proportional to
the function f. We stated that this was not generally possible without knowing f before-
hand. However, in the context of unbiased rendering, f is known beforehand but because it
is so complex and irregular, it is hard to sample proportional to f. Metropolis proposed an
algorithm that is capable of sampling proportional to any function as long as it can be eval-
uated [15]. Hastings further generalized the algorithm for a broader class of applications [6],
therefore, the algorithm is now known as the Metropolis-Hastings algorithm. The algorithm
generates a sequence of samples Xy --- X, -+ with p; :  — R being the probability density
function for X;. The sequence is constructed as a Markov chain, so each sample only depends
on its predecessor in the sequence. X;;1 is constructed from X; by randomly mutating X;
according to some mutation strategy. The algorithm may use any convenient mutation strat-
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egy, as long as it satisfies ergodicity. Some mutation strategies are however more effective
than others. In section 6.3, we will discuss specific mutation strategies in the context of light
transport. We will discuss ergodicity shortly. A mutation strategy is described by its tentative
transition function T(Y|X), which is the probability density function for constructing Y as
a mutation of X.

The desired sample distribution is obtained by accepting or rejecting proposed mutations
according to a carefully chosen acceptance probability. If a mutation is rejected the next sam-
ple will remain the same as the current sample (X;11 = X;). Let a(Y|X) be the acceptance
probability for accepting mutation Y as X, 11, given X = X;. The acceptance probability is
chosen so that when p; < f, so will p;+1. Hence, the equilibrium distribution for the sample
distribution sequence pg---p;--- is proportional to f. This is achieved by letting a(Y|X)
satisfy the detailed balance condition

FOOTXY)a(X[Y) = f(X)T (Y[X)a(Y[X) (6.1)

When the acceptance probability satisfies the detailed balance and the mutation strategy
satisfies ergodicity, the probability density sequence will converge to the desired equilibrium
distribution. In order to reach the equilibrium distribution as quickly as possible, the best
strategy is to make the acceptance probability as large as possible. This results in the following

acceptance probability:
o fX)T (Y!X)>
a (X]Y) = min <1, FOY)T(X|Y) (6.2)
As mentioned earlier, ergodicity must be satisfied in order for the sequence to reach the equi-
librium distribution. Ergodicity means that the sequence converges to the same distribution,
no matter how X was chosen. In practice, it is sufficient that 7' (Y|X) > 0 for any X,Y € Q
with f(X) > 0 and f(Y) > 0. In other words, all paths are reachable from all other paths
through a single mutation. This is to prevent the sequence from getting stuck in a part of
path space, unable to reach another part.
The sample sequence produced by the Metropolis algorithm is used for perfect importance

sampling, proportional to f. Each sample contributes FXi) 6 the Monte Carlo estimator.

pi(Xs)
As p; is assumed to be proportional to f, 5 ();(?) = ¢, however, it is usually not possible to

analytically determine c. Integrating both sides of the equation results in

- /Q FX)dUX) (6.3)

This equation can be used to estimate c. In the context of unbiased rendering, c is usually
estimated using a small number of PT or BDPT samples.

Note that if X is not sampled according to f, that is pg ¢ f, then X; will have the desired
distribution only in the limit as ¢ — co. The bias introduced by the difference between p; and
% is called startup bias and will result in bias in the Monte Carlo estimate. The startup bias
is often reduced by discarding the first k& samples, but it is difficult to choose an appropriate
k. In section 6.8, we discuss an approach to eliminate startup bias altogether.

6.2 Metropolis Light Transport

Veach applied the Metropolis-Hastings algorithm to the light transport problem to reduce the
variance in the Monte Carlo estimate for each pixel [24, 22]. The Metropolis algorithm is used
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to generate a sequence of light transport paths, sampling proportional to some function f.
Veach proposed to not apply the Metropolis algorithm directly to estimate the measurement
equation of an individual pixel. Instead, he proposed to generate samples proportional to the
combined measurement contribution function for all m pixel sensors

X)) =) f(X) (6.4)
Jj=1

These samples are then shared to estimate the individual integrals I;. This has several
advantages; First of all, because the measurement functions for nearby pixels are often very
similar, applying small mutations to hard-to-find paths often results in similar paths that
contribute to nearby pixels. Second, as there is only one Metropolis sequence instead of m,
the impact of startup bias is reduced and the normalization constant ¢ has to be estimated
only once. A disadvantage is that the number of samples contributing to some pixel j becomes
proportional to I;. When there are large variations in the brightness over the image plane,
dark areas in the image become relatively undersampled compared to brighter areas.

When estimating multiple integrals at once, the Metropolis Monte Carlo estimators may
be further improved by not only letting accepted mutations contribute, but the rejected
mutations as well. Assume X; = X and let Y be the proposed mutation. Then, Y is
accepted as X;11 with probability a(Y|X) and X is accepted (Y is rejected) as X;41 with
probability 1 — a(Y|X). Hence, the expected contributions of X and Y equal ¢ (1 — a(Y|X))
resp. ca(Y|X). Instead of only letting X; 1 contribute ¢ to the estimates, it is possible to let
X and Y both contribute their expected contributions instead. Because different paths may
contribute to different pixels, the average number of samples contributing to a pixel increases,
especially for relatively dark pixels having on average lower acceptance probabilities.

Algorithm 5 shows a general Metropolis Light Transport (MLT) sampler. The sampler
generates a sequence of N samples using the Metropolis-Hastings algorithm. Of these, the
first k are discarded to eliminate startup bias. The algorithm’s initial path X and estimated
normalization constant c are passed as parameters to the sampler. For an estimator with low
bias, IV should be significantly large.

Algorithm 5 : Metropolis(X, N, k, ¢)
Xo +— X
for i=1to N+k do
Y +mutate(X;_1) o< T(Y|X;-1)
a < CL(Y|XZ‘,1)
if >k then
contribute a to image along X;_1
contribute (1 — a)£ to image along Y
end if
if a>U(0,1) then
else
Xi — Xz‘_l
end if
end for
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What is left to discuss is the mutation strategy used to construct the sample sequence.
As mentioned earlier, the mutation strategy should satisfy ergodicity. This is achieved by
sampling a fresh path using either PT or BDPT with non-zero probability. For the remainder
of mutations, the path vertices are perturbed in order to locally explore path space. In the
next section, we discuss the most important mutations in path space.

6.3 Path Space Mutation

Paths are mutated in path space by applying small mutations to path vertices and edges.
Veach proposed two simple perturbation methods, the lens and caustic mutations [24]. Caustic
mutations are applied to paths of the form EDS(S|D)*L, these paths are responsible for
caustic effects, hence the name. Figure 6.3 shows an example of a caustic mutation. Lens
mutations are applied to all remaining paths'. Figure 6.1 shows an example of a lens mutation.
Both mutation types only perturb the first ¢ vertices of the path x¢---x; with 0 < i < k.
When i < k, the mutated path is formed by concatenating the perturbed subpath xg - - - x]
and the original subpath x;41 - - X to form the complete path x{, - x/x;41---xg. If i =k,
then x{---x} already forms a complete path. The signature and length of the path are
unaffected by these mutations. When the signature of the path does change during mutation,
the mutation is immediately rejected. In the next section we will discuss in more detail how
lens and caustic mutations are sampled, including a variation on the lens mutation proposed
by Lai.

Sampling

Lens mutation: The lens mutation creates a new path from an existing path, beginning
at the eye. The mutation is started by perturbing the outgoing eye direction x¢o — X1,
which usually means the mutation will contribute to a different pixel. The new eye subpath
is propagated forward through the same number of specular bounces as the original path,
until the first diffuse vertex x; is reached. If the next vertex x;i1 on the original path is
diffuse, the mutated vertex x;- is explicitly connected to x;41 to form the complete mutation
X0 XXl X, 2. However, if the next vertex x;;; is specular, the outgoing direction
X; — X;41 is perturbed by a small angle and the eye subpath is further extended through
another chain of specular vertices until the next diffuse vertex is reached. This process is
repeated until either two consecutive diffuse vertices are connected, or the light source is
reached. Figure 6.1 shows the mutation of a path of the form ESDSDL. First, the outgoing
direction from the eye is perturbed. The mutation is then extended through the first specular
bounce. The outgoing direction of the first diffuse vertex is also perturbed and the mutation
is again extended through another specular bounce. Finally, the path is explicitly connected
to the light source to complete the mutation.

The lens mutation mutates the first m 4 1 path vertices of a path through forward sam-
pling. As explained, part of the mutation is sampled forward. Therefore when computing
the mutation probability p (Y|X) some mutation probabilities must be converted from unit
projected solid angle to unit surface area. Let P (Y|X) be the probability of generating Y

!Veach differentiates between lens and multi-chain perturbations, we do not make this distinction [24].
2For an explicit connection to make sense, the two vertices involved both need to be diffuse. Therefore,
the next vertex must be diffuse.
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Figure 6.1: Lens mutation of a path of the form ESDSDL. The mutation starts at the eye.
Further path vertices are mutated forward until an explicit connection can be made.

from X per unit path space by mutating the first m 4 1 vertices using the lens mutation.
Then, using the conversion factors from equations 3.10 and 3.18, we get

PP (XY) 1P - (x1 — %0) p
P (Y[X) 1271+ (y1 — ¥o) p(
Py (x0]Y) Ps (x1]Y) P (xi = xi41]Y)

Pr (yo|X) Ps (y11X) 1 Pot (vi = ¥ilX)

0

mip - (y1 —
7 Xl—Xo)

m—1

: ¥o))° ml—_[l G (x; ¢ Xit1)
0° )’ 1 Gy o yin)

(6.5)

Lai Lens mutation: Lai proposed an alternative lens mutation that requires only perturb-
ing the outgoing eye direction xg — x; [27]. Just like the original lens mutation, the new eye
subpath is propagated forward through the same number of specular bounces as the original
path, until the first diffuse vertex x; is reached. However, if the next vertex x;; is specular,
instead of perturbing the outgoing direction x; — x;41 as in the original lens mutation, an
explicit connection is made to the specular vertex x;;q1 on the original path. If this con-
nection succeeds, the mutation is extended through the remaining specular vertices until the
next diffuse vertex is reached. Again, this process is repeated until either two consecutive
diffuse vertices are connected, or the light source is reached. Figure 6.2 shows the mutation
of a path of the form ESDSDL. First, the outgoing direction from the eye is perturbed.
The mutation is then extended through the first specular bounce. Instead of perturbing the
outgoing direction, the first diffuse vertex is connected to the next specular vertex and the
mutation is again extended through another specular bounce. Finally, the path is explicitly
connected to the light source to complete the mutation.

Figure 6.2: Lai Lens mutation of a path of the form FSDSDL. The mutation starts at the
eye. Further path vertices are mutated forward until an explicit connection can be made.
Diffuse vertices are connected directly to specular vertices while extending the path.
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Caustic mutation: Caustic mutations are very similar to lens mutations, but perturb the
path backward towards the eye, instead of starting at the eye and working forward to the
light source. The caustic perturbation creates a new path from an existing path, beginning
at the second diffuse vertex x; from the eye. The mutation starts by perturbing the outgoing
direction x; — x;_1. The new subpath is propagated backward through ¢ —2 specular bounces
until the first diffuse vertex xy is reached. This vertex is then explicitly connected to the eye
vertex xg to complete the mutation. Figure 6.3 shows the mutation of a path of the form
EDSDL. The mutation starts by mutating the outgoing direction at the second diffuse
vertex. The mutation is then extended through one specular bounce. Finally, the first diffuse
vertex is explicitly connected to the eye to complete the mutation.

Figure 6.3: Caustic mutation of a path of the form EDSDL. The mutation starts at the
second diffuse vertex from the eye. All preceding vertices are perturbed backward and an
explicit connection to the eye is made.

Similarly to lens mutations, the caustic mutation mutates the first m + 1 path vertices of
a path, however this time through backward sampling. Thus again, when computing P(Y|X)
some mutation probabilities must be converted from unit projected solid angle to unit surface
area. Let PZ'(Y|X) be the probability of generating Y from X per unit path space by
mutating the first m 4 1 path vertices using the caustic mutation. Then, using the conversion
factors from equation 3.11, we get

Pg (X|Y) _ ﬁ G (Xz‘ <~ Xi+1) . P] (Xo‘Y) s (XZ' — Xi+1|Y) . P<J—L (Xm — ym+1‘Y)
G (vi © ¥yig1) Pr(yolX) =1 To1L (vi € yialX)  Prr (Y < xmi1]X)
(6.6)

When using more advanced camera models with a finite aperture lens, both mutations
should also perturb the eye vertex xg itself. For simple models such as the pinhole camera,
there is only one valid xg, so perturbing xg is not necessary. Aside from these perturbation
mutations, Veach also proposed mutations that substitute any subpath by a completely new
subpath of possibly different length and signature, using bidirectional mutations [24]. We will
not discuss these mutations here, and direct the interested reader to the original paper on
Metropolis light transport [24]. Because the original paper is found to be difficult to under-
stand by many people trying to implement the Metropolis Light Transport algorithm, Cline
presented a comprehensive tutorial on Metropolis Light Transport and its implementation
[2].

Acceptance probability

In this section, we show how to compute the acceptance probability for the lens and caustic
mutations. Remember from section 6.1 that for some path Y that is generated from path X
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through mutations, the acceptance probability in the MLT algorithm is defined as

(1 LX)
"= (1’f(X)p(YX)> 6.7)

Because usually only a part of the path is mutated, many of the factors in this equation cancel
out.

Lets start with the measurement contribution factor % in the acceptance probability.

When 0 < m < k, that is, only the first m + 1 vertices on the path are mutated and the
remaining vertices X, 11---Xp = Y41 Y Stay the same, some of the factors in both
measurement contribution functions cancel out, resulting in

+1
fyo---yi) _ Wily1 = o) oY) T Fr i =2y 2 Y (6.8)
f (XO NN Xk) W X1 — X() Xj < X]+1) i fr (Xj+1 — X — Xjfl) )

In case the entire path is mutated by a lens mutation (m = k), no common factors appear
and the the measurement contribution factor becomes

— k
F o ye) - Wilys = yo) 77 €05 € ¥i) 1y fr 051 =2 ¥ = ¥51)
f (%0~ xp) W (x1 = x0) 55 G (x5 X41) 25 fr (X1 = %5 = %5-1)

(6.9)

Note that in these equations, we used, for convenience, the special notation L, (x; — Xg—1) =
fr (Xk+1 = X — Xi—1). In this case, x4 can be thought of as an implicit vertex on all light
transport paths being the source of all light in the scene [22].

What is left is the probability factor 2 %‘;) in the acceptance probability. Because the lens

and caustic mutations are sampled differently, this factor differs for both mutations strategies.
Let’s start with the lens mutation. Using equation 6.5, we get

PP (X[Y) _ 121 - (x1— %o) p (7i0 - (y1 — ¥0))° mH G (xi 4+ Xi41)
P (YIX) Ay (y1 — o) p (7o - (x1 — Xo))3 =1 G (yi AR Yi—i-l)

Py (x0[Y) Ps (x1]Y) 77 Py (xi = xi1]Y)
Pr (yolX) Ps (y1]1X) 1 PaL (v = ¥ir11X)

7

Similarly for the caustic mutation, using equation 6.6, we get

g

‘PgI (X|Y) B ﬁ G(Xl <~ Xi+1) ' P[ (Xo‘Y P<;J_ (XZ' — Xi+1|Y) . P (Xm < ym+1|Y)

&t (Y[X) pai G (yi NS yi+1) Pr(yolX) paiy Ps (yi <~ yi—‘,—l’X) Pt (¥  Xm41|X)
(6.11)
The acceptance probability term % can now be obtained by combining the above
equations. Note that geometric factors appear in both the measurement contribution factor
f(X; and the probability factor (Yixg Many of these common factors will cancel out in the
final acceptance probability.
Figures 6.4 and 6.5 show how to compute the acceptance probability term for the lens
mutation after all common factors are canceled out. Figures 6.4 shows a partially mutated

path, requiring an explicit connection, while figure 6.5 shows a fully mutated path. The
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fr(ys—y2s—y1)

fr(x3 = X2 — x1)

W; (y1 = ¥o) Pr (x| Y) Ps (x1]Y)
W (x1 — x0) Pr (yo|X) Ps (y1|X)

fr(y2 = 31 = ¥9) Pe+ (1 = [ Y) Ir (Vs —ys—¥))
Fr o = x1 = %0) P (y1 = y2/X) Jr (x4 = x3 = x2)

Figure 6.4: Acceptance probability for partial lens mutation.

fr(vs =y = yy) Pt (X2 = x3]Y)
fr(x3 = %2 = x1) P (v — y3X)

v, Le (x4 — X3)
IIJ(}’l")’(\) Pr (x0|Y) Ps (x1]Y) \| 1/
W, (1 — xo) Pr (%ol X) Ps (v1/%) R

\\

‘Mm

Fo (%2 — ¥1 — o) Pt (x1 — X2Y) Jr (4 = y5 = yy) P (s = xalY)
fr (x4 = X3 = X2) P (y5 — y4lX)

fr(x2 — %1 — x0) P7¢ (y1 — y2|X)

Figure 6.5: Acceptance probability for full lens mutation.

figures give an indication of the order in which the acceptance probability term is computed
during mutation construction, starting with evaluating the modified sensor sensitivity function
and iteratively extending the mutation with one vertex, evaluating the BSDF and sample
probabilities and finally evaluating the connection or light source emittance. Note that we
used the modified sensor sensitivity function for the finite aperture lens from appendix 3.4.

(¥s = y2 = y1) Pre (51 = xa[Y)
P (yy — y2lX)

I
fr(x3 — X2 — x1)

W; (y1 = ¥o) (e - (%1 = %0))° Pty - (yo = ¥1) Pr (%0 Y)
W; (x1 — X0) p (i, - (y1 — ¥o))° 7y - (%0 = X1) Pr (yo|X)

(y2 = ¥1 = ¥o) fr(ya = ¥3 = ¥) Py (2 = x3lY)
fr

I
fr (x2 = x1 = Xq) (x4 = x3 = X2) Pz (5 < y3|X)

Figure 6.6: Acceptance probability for partial caustic mutation.

Figures 6.6 and 6.7 show how to compute the acceptance probability term for the caustic
mutation. Figures 6.6 shows a partially mutated path, starting somewhere in the middle of
the path, while figure 6.7 shows a fully mutated path, starting at the light source. Again, the

50



fr(ys = yo = 1) Py (1 = %[ Y)

fr(x3 = x2 HXI)P‘E* (y1 = ¥2X)

(y4 = y3) Pt (%3 — x| Y)

L.
Le (x4 — x3) P (y5 < y4/X)

ro (51— %0))° By, - (o — y1) Pr (%[ Y)

w0 - (V1 — ¥0))® Pz, - (k0 — x1) Py (v X)

fr(ya = y1 = ¥0) fr(ya = y3 — ¥2) Pyt (x2 = x3]Y)
fi

(x2 = x1 = X0) fr (x4 = X3 = X2) Prs (y2 < y31X)

Figure 6.7: Acceptance probability for full caustic mutation.

figures give an indication of the order in which the acceptance probability term is computed
during mutation construction, starting at the light source or an intermediate vertex and
iteratively extending the mutation backwards with one vertex, evaluating the BSDF and
sample probabilities and finally making an explicit connection to the eye and evaluating the
sensor sensitivity function. Similar to the bidirectional sample in figure 5.2, the use of the

modified sensor sensitivity function in the caustic mutation requires an extra correction factor
12771 -(x0— .

f”(xioxl)g because vertex x; is sampled backward.
p(7io-(x1—x0))

Pr(x0|Y) Pg(x1]Y) Pgi(Xi+xi41|Y)

In practice, most mutations are symmetrical, so the fraction
p ’ y ’ Pi(yolX)? Ps(v11X)" P\ (yieyisaX)

P?J_ (xinH»l |Y)

d
an Py (Yi—>3’i+1 |X)

all cancel out to 1, significantly simplifying the computations.

Algorithm

Using the acceptance probability formulations from the previous section, we now give pseudo
code for the lens and caustic mutations. Algorithm 6 and 7 give the caustic and lens mutation
algorithms in pseudo code. The algorithms take an initial path Xy, of length k£ and the number
m, indicating the number of vertices to mutate, as input and return the mutated path y - - -y
and the corresponding acceptance probability.

Both algorithms start with mutating the eye vertex xg. Note that this is only relevant
when using a finite aperture lens. The caustic mutation proceeds with mutating the path
vertices backward and finally making an explicit connection to the mutated eye vertex. The
lens mutation first mutates path vertex xi, according to the camera model (see appendix 3.4),
before mutating the remaining vertices forward from the eye. If not all vertices are mutated,
an explicit connection is established.

Whenever one of the algorithms terminate before completing the mutation, for example
because an explicit connection failed or an extension ray misses all scene geometry, effectively
terminating the mutation, a zero acceptance probability is returned. No mutated path is
returned as it will be rejected anyway.

6.4 Participating Media

The lens and caustic mutations as presented by Veach are not designed to handle participating
media [22]. Pauly proposed two extra mutation strategies, the scattering and propagation
mutation, specially designed for rendering participating media [18]. Both mutations apply
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Algorithm 6 : CausticMutation(Xy,m)

{Mutate the first m+1 vertices}
sample yo ~ Pr (yolxo)

Ym+1- ( Y|k —) Xm+1 - Xk
Pr(xo0lyo
T B iyolxo)
for i=mtol do
sample y,; ~ P& 1 (y,- — yi+1|XiXi+1)
if path is terminated then
return 0
end if  (x )
Pe | (Xi¢Xit1]Y;¥i41
T+ T-
= P ( z<_yz+1‘x2xl+1)
if i+1= k then
T T. Le ((yk—Wk 1)

X —Xk—1)
else ( )
Ir(Yigo2Yip12Y;
T <_ T fr(Xit2a—Xit1—X;)
end if
end for
if V(yp<y;)=0 then
return 0
end if

Wi(y1—yo) p(ﬂ (xlfxo))B Py, -(Yo—y1)
T T 6070 ol 52 30))” P 50 0)

Ty
Ir(Y2—=y1—=¥0)
T fr(x§—>xi—>x8)

{Return acceptance probability and mutated path}
return (min (1,7),yo - - yk)

small perturbations to a scattering vertex on an existing light path. The scattering mutation
perturbs the outgoing scattering direction at a scattering vertex, similar to the way lens
and caustic mutations perturb outgoing directions at regular path vertices. The propagation

Figure 6.8: The propagation mutation perturbs a scattering vertex by moving it along its
incoming or outgoing path edge.
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Algorithm 7 : LensMutation(Xy, m)

{Mutate the first m+1 vertices}
sample yo ~ Pr (yo|x0)
sample y; ~ Ps (y]x1)
if path is terminated then
return 0
end if
T  Wily1=¥0) Pr(xolye)Ps(x1ly;)
W, (x1—x%0) Pr(yolx0)Ps(yq|x1)
for i =2tom do
sample y,; ~ Pz (yi_l — Yi|xi—1x7;)
if path is terminated then
return 0
end if ( ) ( )
Fr(Yimyic12Yio) Peo (Xic12Xilyi a1y
T < T f'r(xi—>xi—1—>xi—2) P?L (yi71—>yi|xi_1xi)

end for

{Make an explicit connection}
if m <k then
if vV (ym — ym+1) =0 then
return 0

end if
ToT. G(YmoYmi1) Fr(Ymi1=2Ym=Ym-_1)
G(xXmXm+1) fr(Xm4+12Xm—Xm—1)
Ym+1"" Yk = Xm41 - Xk
end if

if m>k—1 then
Le(Yi—=yr—1)
T — T ) Le(xk%xk,l)
else ( )
Ir(Ym422Ym+1=Ym
T .% T ) fr(xm+2g)xm+1‘>xm)
end if

{Return acceptance probability and mutated path}
return (min (1,7),yo - - yk)
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mutation displaces the scattering vertex along its incoming or outgoing path edge, moving
the scattering vector closer or further along the edge. The perturbed vertex is connected
to the remainder of the path in order to form a complete light transport path. Figure 6.8
shows an example of the propagation mutation. Both mutation strategies explore path space
locally, allowing it to efficiently render difficult effects involving participating media, such as
volumetric caustics.

6.5 Startup Bias

As explained in section 6.1, the MLT algorithm suffers from startup bias because the distri-
bution of the initial sample is different from the desired equilibrium distribution. As more
samples are generated, the impact of start-up bias on the final estimate reduces. Szirmay-
Kalos presented an analysis of this start-up bias problem in MLT, analyzing its impact on
the estimate [14]. He performed a theoretical analyzes on a simplified model using Fourier
analyzes. He furthermore validated the results using simulations on an actual MLT implemen-
tation, using BDPT to generate initial samples. He concluded that the impact of start-up
bias can be quite significant, especially for relatively uniform integrands. Therefore, MLT
becomes efficient only for difficult integrand.

6.6 Primary Sample Space Mutation

<

Path space Primary sample space

Figure 6.9: Mutation in primary sample space correspond to mutations in path space.

In practice, the actual implementation of the mutations discussed so far has been found
to be quite difficult to do correctly. Kelemen proposed an alternative, much simpler mutation
strategy, working on random number instead of path vertices [11]. He made the observation
that, whether using PT, BDPT or some variation of these, paths are always generated from
a list of random numbers. Therefore, each sample can be described as a list of random
numbers and a mapping from random numbers to the actual path in path space. This gave
way to primary sample space, the space of these random number lists. In essence, samples
are uniformly drawn from primary sample space and mapped to their corresponding path in
path space. Kelemen proposed to apply mutations directly to the samples in primary sample
space, instead of mutating the path vertices in path space. By applying small perturbations
to all random numbers comprising a sample, a slightly perturbed path is constructed. Figure

o4



6.9 shows the relation between mutations in primary sample space and path space. When
applying the same perturbations to all random numbers in the list, the tentative transition
function becomes symmetric, hence Z %g) = 1. This significantly simplifies the computation
of the acceptance probability. Therefore, this mutation strategy can easily be applied to
either PT or BDPT. The algorithm only requires a sampler that converts random number
lists to paths in path space and evaluates their total contribution. This makes implementing
features such as participating media relatively easy, as the mutation strategy itself does not

require any changes.

Because paths may be of any length, each sample theoretically corresponds to an infinite
list of numbers. To keep the handling of samples feasible, random values for the sample are
generated lazy. That is, random values are only generated when necessary to construct the
corresponding sample in path space. Hence, if a path is terminated early, only few random
values are generated. Similar, the random values are mutated lazy, allowing for the storage
of a finite number of random values per sample.

The Kelemen mutation only applies one of two mutation strategies: a large step mutation,
which corresponds to generating a fresh list of random numbers, and a small step mutation,
slightly perturbing each value in the list. The large step corresponds to generating an new
independent path and therefore satisfies ergodicity. The small step allows for local exploration
of path space. Kelemen showed that his mutation strategy often results in a higher average
acceptance probability which leads to less variance in the estimator.

6.7 Noise Aware Metropolis Sampling

One of the characteristics of MLT is that samples are generated proportional to their contri-
bution, corresponding to perfect importance sampling (see section 6.1). As a consequence,
more samples are dedicated to bright pixels than to dark pixels. This results in a relatively
high noise to signal ratio for dark pixels. Preferably, all samples contributing to the same pixel
should be sampled proportional to their contribution, while the average number of samples
per pixel remains the same for all pixels. Going even further, one would prefer to dedicate
more samples to image regions with much noise.

The distribution of samples in MLT is determined by the importance function used in
computing the acceptance probability from equation 6.7. Normally, the contribution f(X) is
used as the importance of a sample X. However, it is perfectly possible to use alternative
importance functions instead. Hoberock explored the use of different importance functions,
resulting in a noise aware MLT sampler [8]. In order to dedicate more samples to noisy image
regions, the importance function is modified to favor these regions. To do so, the distribution
of noise over the image plane needs to be estimated. The algorithm works in multiple stages,
repeatedly adapting the importance function based on a progressive estimate of the noise
distribution. Initially, all image pixels have equal importance, corresponding to normal MLT.
Then a number of samples is generated and used to estimate the variance distribution for
all pixels in a low resolution image. This estimate is then used to adapt the importance
function, favoring pixels with higher variance. This process is repeated, each time increasing
the resolution of the variance estimation image until it reaches the intended image resolution.

The use of this method result in a much better stratification of samples over the image
plane, reducing visible noise. Note however that because the importance function is repeatedly
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updated, new startup bias is introduced after each adaption. No attempts have been made
to asses or quantify the impact of this increase in startup bias.

6.8 ERPT

In this section, we discuss the Energy Redistribution Path Tracing (ERPT) algorithm as
proposed by Cline [3]. ERPT is an extension of MLT, solving some of its problems. First of
all, ERPT does not suffer from startup bias. Also, ERPT does not require an accurate and
unbiased estimate of the normalization constant ¢, although it can increase its performance.
Furthermore, the mutation strategy used in ERPT does not need to satisfy the ergodicity
constraint.

MLT suffers from startup bias because the initial path X for the mutation chain is not
sampled proportional to f. The ERPT algorithm solves this problem and does sample Xg
proportional to f. This is done by sampling multiple mutation chains per sample, all with
equal length N. Path tracing is used to generate the initial path X for these mutation chains.
Using PT, a path Xy is sampled with probability p(Xp), thus the probability of having X,
as the initial path of a chain is proportional to p(Xp). However, this number should be
proportional to f(Xg). Hence, the number of mutation chains starting at X is off by a factor
FXo) * This is resolved by starting multiple chains per initial path Xg. When on average,

p(Xo) "
the number of chains for X is proportional to £ gég)) , the initial mutation chain paths Xy

are sampled proportional to f and startup bias is eliminated. This is realized by making the
number of mutation chains numChains(Xg) per path Xy equal to:

(6.12)

numChains(Xgp) = {U(O, 1)+ 1 f(XO)J

N x eq p(Xo)

In this equation, U (0, 1) is a uniform random number between 0 and 1 and eg is the amount of
energy that is contributed to the image by each mutation in a chain, also called the algorithm’s
energy quantum.

To see why ERPT does not require an unbiased estimate of ¢, let us compute the expected
number of contributions to the image plane for MLT and ERPT. For MLT, the total number
of contributions to the image plane always equals N. For an ERPT sample with initial path

Xy, the average number of contributions equals ég 858)) . Therefore, the expected number

of contributions per ERPT sample equals [, é%p(X)dQ(X) = éfﬂ fX)dUX) = £.

Compared to MLT, the expected number of contributions per ERPT sample is off by a factor
of é% So, to keep the ERPT estimator unbiased, instead of contributing & per mutation,

as in MLT, an ERPT mutation should contribute ﬁ%% = e4. Hence, the ERPT algorithm
does not require an explicit estimate of c.

The energy quantum ey may be chosen freely without introducing bias. However, it does
influence its performance. The number of mutation chains per ERPT sample is inversely
proportional to both N and e;. The expected number M of mutation chains per ERPT
sample can be regulated by using eq = 5737 This again requires an estimate of c. However,
this estimate does not need to be very accurate and may even be biased, as it only influences
the performance of the ERPT algorithm. In practice, the ERPT algorithm is not very sensitive
to the value of e .
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In ERPT, generating mutation chains for a PT sample is called energy redistribution.
Algorithm 8 shows the energy redistribution part of an ERPT sampler. As input, it takes an
initial PT path Xy, the mutation chain length N and the energy quantum ey.

Algorithm 8 : EnergyRedistribution(Xg, N, e4)
numChains < [U(O, 1)+ f(Xo) _1 J

p(Xo) Nxeq
for i =1 to numChains do
Y +— X,
for j=1toN do
Z +mutate(Y)
a<+a(Y = Z)
deposit aey energy at Z
deposit (1 — a)eq energy at Y
if a>U(0,1) then
Y —Z
end if
end for
end for

Finally, a useful property of the ERPT algorithm is that its mutation strategy does not
necessarily need to satisfy ergodicity for the outcome to be unbiased. The reason is that
mutation chains already have their initial samples distributed proportional to f. Note however
that although the outcome will remain unbiased when using only a few ERPT samples, the
error may become unacceptably large. Using many ERPT samples with relatively short
mutation chains solves this problem.

Although N should not be chosen too large, IV should not be chosen too small either. In
ERPT the value of N determines the amount of energy redistribution. For effective energy
redistribution, NV should be reasonably large. If N is too small, ERPT effectively deteriorates
into a quantized PT algorithm. To see why, let us look at the extreme case without any
energy redistribution; each mutation chain only contains its initial sample. The number of
chains per initial sample is proportional to f, so each sample will contribute on average

€d LU (0,1) + ég&(g” = 1{ 8((8; . All this energy is contributed to a single pixel; the pixel
corresponding to Xy. Hence, because each chain contributes a single energy quantum, the
remaining algorithm is a quantized PT algorithm, performing worse than normal PT.

The ERPT algorithm presented in [3] uses only the lens and caustic mutation types from
the MLT algorithm and an N in the order of 100. Note that because lens and caustic mutations
do not change the length or signature of a path, all paths in a mutation chain have the same

length and signature.

6.9 Population Monte Carlo

Usually, mutation strategies in MLT and ERPT require magic numbers to determine the
perturbation size distribution. It is however not obvious which numbers work best. Lai and
Fan proposed to use the population Monte Carlo framework to adapt these magic numbers,
based on information gathered so far during sampling [28, 5]. Instead of using only a single
perturbation size distribution, they used a mixture of multiple perturbation size distributions
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of various sizes. Each time a mutation is applied, one of these mixture components is chosen
at random and perturbation sizes are sampled accordingly. Initially, all mixture components
are selected with equal probability, but as more samples are generated, the probability for
selecting each mixture component for a certain image pixel is adapting according to its success
so far.

Initially, a large population of initial samples is generated. All samples in the popula-
tion are mutated some fixed number of time. During each mutation, a mixture component
is selected for each sample and the mutation is applied. Within each pixel, the acceptance
probabilities for all mutations contributing to this pixel are accumulated for each mixture
component. After all mutations are complete, the probability of selecting a mixture compo-
nent is adapted, favoring mixture components with high accumulated acceptance. Finally, low
contribution samples are eliminated from the population and new initial samples are regen-
erated to keep the population size constant. This process of sampling, adapting, elimination
and regeneration is repeated until the image has converged.

Population Monte Carlo automatically favors perturbation sizes with higher acceptance
probabilities. This removes the need for very accurate magic numbers selection.
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Chapter 7

Conclusion

In this survey, we studied the applications of importance sampling in the field of unbiased
physically based rendering. Importance sampling has played an important role in the devel-
opment of this field, resulting in efficient and robust rendering algorithms. We discussed the
three major unbiased rendering algorithms and how they relate to importance sampling. We
further discussed several important extensions to these algorithms, based on importance sam-
pling, giving an overview of the various applications of importance sampling in the context
of unbiased physically based rendering.

The applications of importance sampling each have their own advantages and disadvan-
tages. The variance in the final estimate of a method depends heavily on the particular
scene that is being rendered. An important question that is left unanswered is how to select
the right sampling method for a particular scene. Optimally combining different sampling
strategies using MIS already partially solves this problem. Furthermore, from the importance
sampling point of view, metropolis sampling seems to be the best choice as it achieves perfect
importance sampling. However, although MLT samples proportional to f, the variance in the
estimate can still be arbitrary high. The cause of this variance lies in the correlation between
consecutive mutated samples in the Markov Chain. When the correlation between samples
is high, the estimate will suffer from high variance as well. Because this correlation cannot
easily be computed, it is hard to predict how well MLT will perform for particular scenes and
light effects. For this reason, MLT does not necessarily lead to a better estimate than other
sampling methods such as PT and BDPT. The quality of the MLT estimator for sampling
certain light effects heavily depends on the particular mutation strategy used. Furthermore,
because MLT samples are highly correlated, combining MLT with PT or BDPT using multi-
ple importance sampling does not necessarily lead to an optimal combination either. Further
research is required to better understand the quality of the MLT algorithm and how they
relate to other sampling methods and the particular mutation strategy used in MLT.

Although importance sampling is a major variance reduction technique, other techniques
such as stratification and quasi-Monte Carlo sampling have been shown to reduce variance
in the Monte Carlo estimate [25]. However, it is often not obvious how to combine these
techniques with advanced importance sampling methods such as BDPT or MLT. For example,
while quasi-Monte Carlo sampling can be applied to path tracing, often significantly reducing
the variance in the estimate, it is not so easily applied to MLT without introducing a large and
unpredictable bias. Therefore, further research is required to combine alternative variance
reduction techniques with importance sampling methods.
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