Matrix representations

jason hanson *

1 Review of linear algebra

1.1 Matrix arithmetic and algebra

Definition 1. A mxn matrix is a function A : {1,...,m}x{1,...,n} = R.
We write A;; = A(1,7) for1 <i<m and1 < j <n.

It is customary to represent a matrix as a m x n array of numbers. For
example, if A is a 2 x 3 matrix, we would write

A= (All A12 A13)
A21 A22 AQS ‘

Thus if A(i,7) =2i+j,for 1 <i<2and1<j<3 then A= (243).

Definition 2. Suppose A, B are m x n matrices and o € R. We define oA
and A+ B to be the m x n matrices with

(aA)ij = aA;; and (A+ B);j = Aij + Byj

for1 <i<m and 1 <j <n. Moreover, if C' is a p X ¢ matriz and D is a
q x r matriz, we define CD to be the p X r matriz with

q
(CD)yy =Y CixDyy.
k=1

As an example of scalar multiplication: 3(392%) = (32%). For ma-
triz addition: (§21) 4+ (393) = (32%). And for matriz multiplication:
(F1)(o31) =(135)
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Exercise 1. Show that for all « € R, and all m x n matrices A, B, we
have a(A + B) = aA+ aB. Moreover if C' is a k x m matriz and D is a
n x p matriz, then C(A+ B) = CA+ CB, (A+ B)D = AD + BD, and
C(BD) = (CB)D.

Exercise 2. Show that the set of all m x n matrices forms a group under
addition. The additive identity in this case is the zero matrix: the m X n
matriz whose elements are all zero, and the (additive) inverse of a matriz A
is its negation: —A = (—1)A.

1.2 Invertibility

The Kronecker delta is defined by d,; = 0 if ¢ # j, and d;; = 1, for all integers
i, 7. With this definition in mind, we define the n xn (multiplicative) identity
matriz to be the matrix I, with I;; = 6;j, where 1 <7 <nand 1 <j < n.
E.g., the 2 x 2 identity matrix is I = ({9).

Exercise 3. Show that for all m x n matrices A and all n X m matrices B,

we have AI = A and IB = B.

Definition 3. The n x n matriz A is invertible if there exists a n X n
matriz B such that AB = BA = I; and in this case we write A=t = B. The
collection of all n X n invertible matrices is called the general linear group
of dimension n, and is denoted by GL,R.

Exercise 4. Suppose A, B,C are n x n matrices with AB =1 and CA=1.
Show that B = C, and hence that A is invertible.

It follows that the inverse of a matrix is unique. Indeed, if AB = BA=1
and AC = CA =1, then B = Bl = B(AC) = (BA)C = IC = C. So the
notation A~! for the inverse of a matrix is unambiguous.

Exercise 5. Show that GL,R is a group under matriz multiplication.

Exercise 6. Show that (2 %) is invertible if and only if ad—bc # 0, in which

case the inverse is given by adibc( 4.0,

Thus (}9) is not invertible, and so is not an element of GLyR. On the
other hand, we compute that (32)™' = (5, 7?), so that (}2) € GLyR (as
well as its inverse).



1.3 Linear maps

Recall that n—dimensional space R™ is the set of all n—tuples (xy,...,z,) of
real numbers. We may identify elements of R" with n x 1 matrices via the
prescription
T
(1, ..y Tp)
:L‘n

Elements x € R" are called vectors; and when we wish to invoke the iden-
tification of R™ with n x 1 matrices, we call x a column vector. Under this
identification, we may multiply a vector by a scalar, and we may add two
vectors together.

The standard basis of R™ is the collection of vectors eq,...,e, in R,
where e; is the vector whose k—th component is d;;,. E.g., in R?, e; = (1,0,0),
e; = (0,1,0), and e3 = (0,0, 1). Every vector in R™ can be uniquely written
as a linear combination of standard basis vectors: if x = (z1,...,x,), then
X = Z?:l xjej.

Definition 4. A map R" — R™ is linear if f(ax + By) = af(x) + 5f(y)
for all « € R and x,y € R". The matrix of f is the m x n matriz M such
that f(ez) = Z;nzl Mjiej, fO’/’ 1 S ) S n.

For example, consider the map g : R* — R? given by the rule g(z1, z5) =
(1 + 29, 321 + 4x5). The reader will verify that g is a linear map, and that
the matrix of g is given by M = (13%).

Exercise 7. Suppose M is the matrix of the linear map f. Show that as a
column vector, f(x) = Mx (matriz multiplication).

Exercise 8. If A is a m x n matriz, show that A defines a linear map
g R* = R™ by g(w1,...,20) = 370 (O pey Ajwr)e;.

1.4 Change of basis

Definition 5. A basis of R" is a collection of exactly n vectors uy,...,u,
such that every x € R™ can be expressed as a linear combination of these

vectors: x =) 7| aju;, where aj € R.

The reader will readily verify that the standard basis ey, ..., e, is indeed
a basis (hence its name).



Exercise 9. Show that uy,...,u, is a basis of R™ if and only if the equation
2?21 Bju; =0, where B; € R, has $ = --- = 3, = 0 as the only solution.

Exercise 10. Show that in the decomposition x = Z?Zl aju;j, the coefficients
Qi are unique.

Given a basis uy,...,u, of R" we may define a n x n matrix B, whose
components B;; are given by the equation u; = > | B;je;; i.e., B;; is the
i~th component of the vector u;. We call B the change of basis matrix
that takes us from the standard basis ey, ..., e, to the basis uy,...,u,.

Exercise 11. Let A be the n x n matriz whose components are (uniquely)
defined by the equation e; =Y. Aju;. Show that AB =1 and BA = 1.

It follows that the change of basis matrix B is invertible.

Let us now see how the matrix of a linear map changes when we make a
change of basis. We are given a linear map f : R" — R™ with corresponding
m X n matrix M, in terms of the standard basis; i.e., f(e;) = 27:1 M;;e;,
for 1 <7 < n. Suppose that uy,...,u, is a basis for R” with change of basis
matrix B (a n X n matrix), and that vy,...,v,, is a basis for R™ with change
of basis matrix C' (a m x m matrix). We wish to find the m x n matrix M’
for which f(w;) = 7%, Mj;v;, for 1 <i <n.

Exercise 12. Show that M' = C~'MB.

In particular, for an endomorphism of R™, that is a linear map f : R™ — R"
(in other words, in the case m = n, and v; = u;), we have that M’ = B~'M B.
The matrix B~ M B is sometimes called the conjugate of M by B; so a change
of basis corresponds to conjugation by the change of basis matrix.

1.5 Direct sums

The Cartesian product R? x R? consists of ordered pairs of the form (x,y),
where x = (x1,...,2,) and y = (y1,...,¥,). Such an ordered pair can be
identified with the (p + ¢)-tuple (z1,...,2p, Y1, ..., Y,); i.e., with an element
of RP*7, We make this identification into a formal definition.

Definition 6. The direct sum of R? and R? is R? @ R? = RPT9, Elements
of RP ® R? are written in the form x @y, where x € RP and y € RP.



That is, x @y = (21,...,Zp, Y1, --,Yq). It is convenient to let 0, denote the
zero vector in RP. Thus the zero vector in R? @ R? is 0, @ 0,.

Exercise 13. Show that if wy,...,u, is a basis for RP and vi,...,v, is a
basis for R?, then u; © 0g,...,u, ® 0y, 0, B vy,...,0, D v, is a basis for
RP @ R9.

Definition 7. Let f : R" — R™ and g : R! — R® be linear maps. We define
fog:RTeR = R"@&R" by (f®g)(xDy) = f(x) D g(y).

The matrix of the direct sum of two linear maps is a matrix in block
diagonal form. Specifically, if A is the m X n matrix of f, and B is the s x ¢

matrix of g, then
o A Omt
A@B= (Osn B >

is the (m + s) X (n +t) matrix of f @ g, where Oy, denotes the s X n matrix
of zeros. Such a matrix is called a block diagonal matrix. For example, if
1200

A:(éi)andB:(56),thenA@B:(gég8).

1.6 Inner product

Definition 8. The inner product of u,v € R" isu-v = Z?Zl u;jv;, where
u = (uy,...,u,) and v = (vq,...,v,). The vectors u,v are orthogonal if

u-v =0. The length of u is ju| = yu-v.

Exercise 14. Show that the inner product is symmetric and linear each
argument: (i) u-v = v -u, (i) (cu+pu')-v = a(u-v)+ (U -v),
and (1i) u- (v + V') = a(u-v) + G(u- V).

Definition 9. The transpose of a m x n matriz A is the n x m matriz AT
with (AT);; = Aji. If f: R" = R™ is a linear map with matriz A, then the
adjoint of f is the linear map f' : R™ — R" whose matriz is AT

Exercise 15. Show that as column vectors u,v € R", u-v = u’lv.

Exercise 16. Let g : R™ — R™ be a linear map. Show that f(u)-v =u-g(v)
for allu,v € R™ if and only if g = fT.

That is, f(u)-v = u- fI(v) for all u,v € R", and this equation uniquely
defines the adjoint f7 of f.



Definition 10. A linear map f : R" — R" is orthogonal if f(u) - f(v) =
u-v for allu,v € R". A matriz A is orthogonal if ATA = AAT = 1.

In particular, an orthogonal map preserves length: |f(u)| = |u|. Note that
an orthogonal matrix is necessarily invertible.

Exercise 17. Show that f s orthogonal if and only if the matriz of f is
orthogonal.

Exercise 18. Show that f is orthogonal if and only if preserves length.

2 Linear representations

As we have mentioned, the general linear group GL,R, which is the set of all
invertible n X n matrices, is a group under matrix multiplication; the identity
is the n x n identity matrix I.

Definition 11. A (linear) representation of the group G is a group homo-
morphism p : G — GL,R; the dimension of the representation is n. If p(g)
s an orthogonal matriz for each g € G, then p is said to be an orthogonal
representation.

That is, for each group element g, we assign to it a matrix p(g), and for
any g1,92 € G, p(g192) = p(g1)p(g2). In other words, multiplication in G
exactly corresponds under p to matrix multiplication. Observe that we must
have p(e) = I.

As an example, consider the cyclic group with four elements: Cy = (v |
vt =e) = {e,7,7* ~+*}. Define the map p : Cy — GLyR by

0= (5 D)= (4 3) o= (5 )= (5

One verifies that p is a homomorphism. Indeed, p(7)* = I, and p(v*) = p(7)*
for k =1,2,3. In fact, p is seen to to be an orthogonal representation of C}
of dimension 2. Geometrically, the matrix p(y) rotates a vector u by 90°
clockwise about the origin.

Exercise 19. Suppose p : G — GL,R s a linear representation and M &
GL,R. Define pM : G — GL,R by pM(g) = Mp(g)M L. Show that pM is a
linear representation of G.



Exercise 20. Show that if p : G — GL,R is an orthogonal representation
and M is an orthogonal matriz, then pM is an orthogonal representation.

We have seen that conjugation by an invertible matrix corresponds to a
change of basis. Thus the matrix p*(g) defines the same linear map as p(g),
but under a change of basis. For this reason, we will view the representations
p and p™ as essentially defining the same representation.

Definition 12. Two linear representations p,o : G — GL,R are isomor-
phic if o = pM for some M € GL,R. In this case we write p = .

For example, the previous (orthogonal) representation p of Cy is isomor-
phic to the representation o : Cy — GLyR, where

o) =10 = (25 5) oot = (3 ) ot = (3 23)-

Indeed 0 = pM, where M = (?1). Note however that o is not orthogonal
(since M is not).

3 Irreducibility

Definition 13. The direct sum of linear representations o : G — GL,R
and 7 : G — GL/R is the linear representation o ® 7 : G — GL,1,R defined
by (0 @ 7)(g) = o(g) ® 7(g). A linear representation is reducible if is
isomorphic to a direct sum of linear representations of positive dimension. A
linear representation that is is not reducible is said to be irreducible.

Exercise 21. Show that the representation p of Cy given in the previous
section 1s irreducible.

There are two special representations that may be defined for any finite
group G. The trivial representation 7 : G — GL;R is the linear represen-
tations defined by 7(g) = 1 for all ¢ € G (note that GL;R is the group of
nonzero real numbers). Since this representation is one-dimensional, it is
necessarily irreducible.

We also have the reqular representation r : G — GL,R, where n is the
size of G, which is constructed as follows. Choose a bijection € : {1,...,n} —
G. We then define r(g) to be the matrix of the linear map defined by the



requirement r(g)(€;) = €c1(gesy) for 1 < i < n. Le., g will permute the
indices of the standard basis vectors ey, ..., e,.

For example, let € : {1,2,3,4} — Cy be the map €(i) = ~* (so that ¢(4) =
vt = e). Then r(y)(e;) = ey, since e }(ve(1)) = e 1(7?) = 2. Likewise,
r(y)(e2) = es, r(7)(e3) = ey, and r(y)(es) = e;. Similar computations are

made for 7(v?) and r(+3). Tt follows that r(e) = I, and
0 001 0010 0100
0={o 100 "= 1000|700 001
0010 0100 1 000
Note that 7(7*) = r(7)¥, so that r is indeed a linear representation.

Exercise 22. Prove that the reqular representation of a group G is an or-
thogonal linear representation.

Exercise 23. Show that the trivial representation is a summand of the reg-
ular representation: v = 7 @ o for some linear representation o.

Although it is beyond the scope of these notes, it can be shown that for
a given group G, there exists only a finite collection of irreducible noniso-
morphic linear representations of G, say p1, ..., p,. In fact, every irreducible
linear representation is a summand of the regular representation. Moreover,
every linear representation p of GG is isomorphic to a direct sum of these irre-
dumble representatlons p=p™ @ p™, where my; is the multiplicity of
P pj = p;@---®p; (m; summands). This decomposition into irreducibles
is unique up to isomorphism and reordering of summands.

As an example, consider the regular representation of C'y given above. By
making a change of basis, the representation can be put into block diagonal
form. Indeed,

1 1 1
1 -1 -1
-1 -1 1
-1 1 -1

,  where M =

[

—_ = = =

o

Le., ™M(y) = (1) ® (% 3) ® (=1). Thus, 7™ = 7 ® p ® p, where 7 is the
trivial representation, p is the irreducible two—dimensional representation of
Cy given in the previous section, and g is the non-trivial irreducible one—
dimensional representation given by u(e) = 1, u(y) = —1, u(y?) = 1, and

p(r’) = 1.



Definition 14. A linear representation p : G — GL,R is faithful if it s
mjective.

The one-dimensional representations 7 and p of Cy are not faithful, since
7(7v) = 7(e) = 1, and u(y?) = p(e) = 1. However, the two—dimensional
representation p is faithful.

Exercise 24. The kernel of a group homomorphism n : G — G’ is the set
of all elements in G that map to the identity in G': ker(n) = {g | n(g) = e}.
Show that p is faithful if and only if ker(p) = {e}.
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