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1 Standard torus in three dimensions

Let us call the torus obtained by rotating the circle in the zz—plane, of radius
r and centered at (R, 0,0), about the z—axis the standard torus with major
radius R and minor radius r (we assume that 0 < r < R). That is, points
(x,y, z) on the standard torus satisfy the equation:

(22 + 2+ 22+ R —rH)? —4R*(2* + ) = 0. (1)

Equation (1) gives an implicit representation of the standard torus. An
equivalent parametric representation is:

x = (R + rcosf) cos ¢, y = (R + rcosf)sin ¢, z=rsinf, (2)
for 0 <6 < 2mand 0 < ¢ < 27.

Exercise 1. Verify equation (1) by replacing the symbol x in the equation
for the circle (x — R)* + 2% — r?> = 0 in the xz—plane with p = /12 + 2.

Exercise 2. Show that equation (2) is a solution to the implicit equation of
a torus, equation (1).

Exercise 3. Show that every point (z,y, z) that satisfies equation (1) can be
written in the form of equation (2).
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2 The Mathematicians torus

From a Mathematicians point of view, a torus is the Cartesian product of
two circles: S' x S', which we dub the Mathematicians torus. Since a
circle S* is naturally embedded in the two-dimensional plane: it is the set
of all points (z,y) with

4yt —1=0, (3)

the torus S* x S! is most naturally embedded in four-dimensional space: the
set of all points (w, z,y, z) with

w’+2°—-1=0 and y*+2>—1=0. (4)

We can write down an explicit equivalence (homeomorphism, actually diffeo-
morphism in this case) between S' x S! in four-dimensional space and the
standard torus in three-dimensional space:

f(a,b,c,d) = ((R+rc)a, (R+rc)b, rd). (5)

Le., (a,b,c,d) is a point on S x S! if and only if f(a,b,c,d) is a point the
standard torus. The inverse of f is given by

g(x,y,2) = < R Ry A x?+ 2—R,z>. (6)

VEE 2 /2% +

That is, (z,y, z) is a point on the standard torus if and only if g(x,y, z) is a
point on S x S! in four-dimensional space.

Exercise 4. If (a,b,c,d) is such that a> +b* =1 and ¢® + d*> = 1, show that
equation (5) gives a point (x,y,z) = f(a,b,c,d) that solves equation (1).

Exercise 5. If (z,y, 2) is a solution to equation (1), show that equation (6)
giwves a point (a,b,c,d) = g(x,y, z) such that a> +b* =1 and > + d*> = 1.

Exercise 6. Show that f and g in equations (5) and (6) are inverse to each
other (as maps between the standard torus in three—dimensional space and
St x St in four-dimensional space).

Exercise 7. Show that f and g are diffeomorphisms between the standard
torus and S* x S*.

Exercise 8. Show that f (as a map from S x St to the standard torus) is
not a conformal: it does not preserve angles between vectors.
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