Fmal Exam

Math 258
(Fall 06)

Solve the following problems. Show all your work in the space under each problem

1. (a) Show that if 7 €Z is a composite, thennhas a prime divisor <n. (25 pts)
n composﬁ-é =3 n=-oab , 1 <o, bswn "
Mgt be 02Ta v bgTn , bec. othevwise 18 a>ma byin = oﬂ»?w 4
£, say &, prime , Hon v has o prime diviser (that 1t a) ¢ J}
IE o 15 vieYr pvime , tlen & hey a prime divisor, which 1§ also
. . o divisov 0F v and <in.
(b) Use the above to examine whether 101 is prime. - P
Tie owly pviwmes £ iz ave @ 2,3, 5.1 |
Fvowa tlese, none divides 101, hewce 10V 1% Pvame >
(d) True or False: If p is prime, then p!+1 is prime. 7
False, tare p=5 .
Tewn, gl 41 — 1.2.3.4.5 4] = |21 , which 13 V‘Ojf a P"W\f
©1If p,,p,,...,p, are the first 11 consecutive primes, does it necessarily imply (120 =1t ”)
that p, p,-+p,+1 is prime?
No, cownsider .2.3.5.F.11.13 £ 1 = 30030 + |
" — 2003}
= 59.509 , which 1Is
(f) The function f(n) =n®> -—n—1,n>2 , fails to be a prime-generating function for: Cowp °‘ic
2
An=6 B. n=10 C.n=12 (Dn=13
£03) = 13513 — |
= |69 - 13 -1

: = 155, wmc\r\ 15 wet
2. Appropriate formula for lem(a,b) gives that the lem(5-7-11% , 2-3*-7°) is: (5 pts) G 55”?63 g)

A 3257711 (B)2.3*.57°117 C. 2:3°.5.7°-11 D.2:3:5-7-11 (f/"
: A 2 I, oax (1,3) max(2,0
\CM( 5’_}“\2'2'3%:}3) = wa-)((o 1)3 o.x(o) )Smax( O)?W« -; H :)

:2.3,5 EETR

3. (a) Show that if the gcd(a,m)> 1, then @ has no inverse in Zm (20 pts)

ASSQ\W\e Hmm-} a has d‘d 1w evS€ 1w Z/-M ) qu b .

Twwn , ab=1 1 Zm y1e abz=lwvaedm =D o&k:)+\<W\“
da;m) =¢ .1 d => d dliewm => A}ab—KM
et BC ( ) d >' H,L\A! CHQ A lw\ > Iqb A )) :jd“ q/

7



- (b) Use the extended Euclidean algori'thm—'t"o write the ged(35, 78) as a linear
combination of 35 and 78. Use that relation to find the inverse of 35 in Z,.

The Ewdl. Alg- giwves T 38 = 2.35-4+ 8 Tl Exd. Eucl Alg. gives

= 4.8 +3 =312

8= 2342 | =3-1(8-23)

3= )2+ |=3.3-18

2 = 1.2 +0 | = 3(35»‘-%-8)3-!8
‘ = | =3.35-13.8 )
le, 9¢d(35,78) = | |z 3.3,5—\3(?3—2435):2?@?3

Since | T35 +HB)M and I3 =g wm Z3zg , taw 357 =29 ,

4. (2) Show that if a, b, k and m are integers such that ¢ = bmod m and k > 1,m=>22,
then a* = b*mod m. | (15 pts)
(Hint: Use the identity for a k_b* ). :

’ K- - ~A=1 94 k-2
We Ewow twat a*-b" = (a-b)(a* "'+ a" b +.. .00 "L 4., +€~%)
+ b
S%Wcﬂ A= bwodmt M]o\—,\; .
= w|(a-b)(>) =) nmi|a*b" P

(b) Is the converse true? Examine the case for k= 2. , 2
ND’ C:Gx/t?:‘iécv'~ 'H’o— cafe k=2 )O\:L,'] ;9:3/ M:q" TL&M’L*E'SIMO&?

(©) A solution to the congruency 3x =4mod7 is: '  but LF*L 3 m“’dj
: =

A. x=12mod7  B. x=5mod7 @x'sGmod? D. x=4mod7

3".:5 1 Z? S, 5.3x% ;.‘:E"-}';Acdq = 1.X = 20 wmod?}
=) X = Ewod F p

5. Show that (22nj=2[gj+n2 , where n e N- {0} . (10 pts)
" 2 Z“CNL._« 4 n?
RHS = 2(%)+ n? = 22
' ' 2%
= (V\ -+ "
= 2nion 2afzn-1)(2a-2)}_ fon
—1) . 2nfan-ij{2n-2):_
— V)(?.M"’l) = 2\/1[2;\ ) — Q(ZM”'Q}g. /2‘)
6. What is the probability to roll a 2 in a 3-number biased die, in which 1 is three (5 pts) 7
times as likely to come up as 3 and 2 is two times as likely to come up as 3? :
P(1) = 3P(3) |
P(z) = 2P (3) = O e M)
P(1) + P(2) +P(3) = o e o

=) P(z)-‘:’/3 Y



7. (a) Determine whether the following relation on the set of all functions from Z to Z is
an equivalence relation. Make sure you check all the relevant properties: (10 pts)

R={(f,8)| f(x)-g(x)=C, forsomeC eZ,Vx cZ}
(JC/{) S R ) b@(. 'F(X) -fo0 =0 € Z ) ¥ X, e R vefexive

1§ (F9) €R = f)-50d =¢
= 90 —f) =CQO EZ V¥
=) (31'{:) e R. ,_C e R symwmervicC

@) 1F (£,9) eR —é_::) -F(x)"ﬂtx) =c (-ii) £(x) - hix) :@62
(9,h) ER 90x¢) — hx) =C' <!

(i)
()

= (£, h) e R

Hewce, & 15 am Squrv- vel. | e R framsihive .
(b) What is the equivalence class of f(x)=x>? '

[x*] = §90) ) x*909 =c |
= § g00 | 900 =x"=c!

= {x*-C , some CE2Z |

8. (@) Find the equivalence relation induced by the foﬁowing partition of the set (10 pts)

S=1{0,12,34,5}:
| (0,1}, {2,3}, 4,5} .
R= (o0, (o), (1,0), (1) (2.2), (2,3).(3.2),(33),
(W), (4,5), (5:4), (55) g
V4
(b) Are the elements 2 and 5 equivalent?

NO, bec. 2 awd § be‘owa to elx,QFeveui‘ QCW!V-C)OLJ}{.(,

(2€§230 , 5e{wst)
V4



