MAT 140

Solutions Problems Week 5

1. Show that the transformations given below are linear:

(@) T:R?>—>R? with

Solution:

b) 7: R* > R* with

Fall 2007

c) T: C>C with

T(z)=Z

(b) The easiest way to do this is to realize this transformation as a matrlx multiplication

T(¥)= A% :

)=

)

This would give us linearity immediately since

(I TG+Y) = AG+y) = AX)+4A) = TE)+T())

and

@) T(F) = A(IF) = 147 = (T(F)

Of course we can also do it the “long” way:

Pick two arbitrary vectors: f*(bj and y= ( ) then

I a A a+ A (a+A)+(b+B)

o reen =1([f]5)) <7513 - J
T(E)+T(5) = T[GJ+T(AJ - [‘”b] [‘“

| b)" '\ B b 7\ B

= TE+y) =TE+T(y)

and

(2) I@x) = TH"D _ T(IGJ _ [ta+tb]
b th —th

IT(3) = tT(Z]=

ta+b  (Ha+b)
b ) L -

=  T@F) = tT(F)

(a+b)y+(A+ B)
—-b—B



2. Show that the following transformations are not lincar: :
(a) 7: R* > R?* with b) T:R->R* with ¢c) T: C—>C with

L) e -t

() T:M,,(R)>R with e) T: R—>R with
T(A4)=det(4) T(x)=x"

Solution:

(e) Fact: If T islinearthan T (0)=0, or equivalently:
If T(0)=0 then 7 cannot be linear.

Unfortunately T(O) =0 so this does not disprove Imearity
[ This just tells us that 7 nnght be linear. |

we can look for one counter example to the condition 7(X+y) = T'(X)+71(¥)

TE+y) = T(X)+T(¥)

| T(+2) =T(3) = 9 N
TMH+TQ) = 1+4 = 5

T isnot linear.
Or we can look for ene counter example to the condition 7T(tx) = T(x)

I(+4) = 706) = 4 } T(F) » IT()

4.T(4)= 42 =8

T isnot linear.



4. Identify what type of linear transformations the following matrices represent:
[ for example: reflection in x-axis, projection onto the line y = x, rotation around O

over 45°, scaling with a factor of 3, etc. |

@ A (0 _1] ®) 4 /2 —3/2 © A [5 0]
a) A= — ) A—
10 32 172 | 05
@ A 1 0] © 4 1 0 0 4 1/5 2/5
— e = -
0 1 31 2/5 4/5
Solutions:
(a) Reflection in the line . { 1 in 1 |t-m"  2m ]
=—x m=—
4 ' 1+m?| 2m  m*—1
‘ . .. . {cos® —sind
(b) Rotation around the origin over 60° [ 6=60° in |
sinf  cos#
(¢) Scaling by a factor of 5. [ Also called a dilation }
(d) The identity transformation { Every point/vector gets mapped to itself ]

(e} Vertical shear with shear factor 3.

: 1 m
(f) Orthogonal projection onto theline y=2x [ m=2 in ,1 > > ]
14+m (m m



-3

i o P ) o

(b) Find all vectors X € R* such that T(¥)=%.
(c) Find 4*.

(d) Find 4™
(e) Calculate the midpoint of X and T (x) and show that it lies on the line x=2y.

® Show that T is a reflection in a line.

v - 1{o)={o} (o) {os) 7554 o)1)
T RHG) = G 6
or)-C) = e S0 -0) = L85 - %

2
= x=2y. Soall vectors of the form izt[l) are fixed [ T(xX)=x ].

()Azm1 0 o 4 ==
O VO @ 47=4=34 5

. (x o 1(3 4N(x) (3x/5+4yp/5 o
(e) If x= then T(X)== = hence the midpoint is
¥ 504 3)\y 4x/5-3y/5

e 5)
11.Let 7(¥) = A% with A=

[xJ+(3x/5+4y/5J :
x+T(x)= y 4x/5=3y/5 _ 8x/5+4y/5 :G_xi_@ 2 . Thus the
9 2 4x/5+2y/5 5 1 '

2
midpoint lies on the-line x =2y whichis given by x= 1‘(1) as we found in 11(b).

& From 1 1(b) we know that the ine x=2y (v= %x) is fixed, 1.e. that would have to

be the line of reflection. The matrix that corresponds to a reflection in the line with
1 [1-m* 2m | 1 (3/4 1 13 4) -
1+ m’ T 5/4 ~3/4 4 -3

slope m—l 15
p 2

2m  m—1 5

which is the matrix 4. So indeed this transformation 1s a reflection in the line y = 5 X.



