
                                                      TEST 1 - Key

                                                    (Math 258 , B)

1.  Let )(xP  be the statement “ 21 =+x .” If the universe of discourse consists of the 
     integers, what is the truth value of the following? Explain.                         (15 pts)  

                 (a) )0(P                           (b) )(xxP∃                           (c) )(xxP∀

(a) False,  2  1  P(0) ≠=
(b) True, there exists an x, namely, 1, st 1 + 1 = 2
(c) False, not every x satisfies that statement (ie let 'x' is anything but 1)

2.  Determine the truth value of the following statements, if the universe of discourse  
     consists of all real numbers. Explain.                                                           (15 pts)  

       (a) )( 2yxyx =∃∀      (b) )( xxyyx =∃∀       (c) )]362()13[( =+∧=+∃∃ yxyxyx

(a) False, let 1−=x  then 21 y=− , hence 1−=y , which is not Real
(b) True, letting y be the multiplicative identity 1, x*y = x (under R by definition)
(c) False,
     36213 −+=−+ yxyx
     (solving for x)
      23 +−= yx
     (substituting for 'x')
    13)23( =++− yy
    12 = , false statement under R, hence False

3.  Determine whether the following arguments are valid, giving counterexamples 
     where necessary:                                                                                      (10 pts)
 

(a) If x  is a real number such that x  > 3, then 2x  > 9.
           Suppose that x ≤  3, then 2x ≤  9. 

Invalid
xp =  > 3

2xq =  > 9
We are supposing, qp ¬→¬ , Hence Invalid

(b) If 2x  is irrational, then x  is irrational. 



           Suppose x  is irrational, then 2x  is irrational.

Invalid
2xp =  is irrational

xq =  is irrational
We are supposing, pq → , Hence Invalid

4.  Use a truth table to show that the following argument is valid:                  (15 pts) 

                                                                    r¬
                                                                  rp →
                                                                  rq →

                                                           ----------
                                                          )( qp ∧¬

Last column is all true (a tautology) showing that the argument is valid

5.  Prove, or disprove, that the product of two irrational numbers is irrational.         (10 
pts) 
     (Note: If you are disproving, provide a counterexample)  
Use a Direct Proof to Disprove
Let i, j∈Irrationals, s.t.
    i = 2
    j = 2

Then, the product of i and j = 2 * 2  = 2, which is rational, disproving the statement

6.  Prove that if 3n  + 5 is odd, where n  is an integer, then n  is even.                    (10 pts)
     (Hint: Use proof by contradiction)  
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Assume that n is odd, then
 n = )12( +k , so
 3n  + 5 = 5)12( 3 ++k
             = 516128 23 ++++ xxx  
             = 2( )3364 23 +++ xxx
             = 2k, where k = )3364 23 +++ xxx
      Hence, 3n  + 5 is even, contradiction, proving qp →

7.  Prove that if a , b  and c  are real numbers, then )),min(,min()),min(,min( baccba = . 
     (Hint: Use proof by cases)                                                                                   (10 pts)

case 1: cba ,≤
Let n = ),min( cb , na ≤

aacbac
anacba

==
==

),min()),min(,min(
),min()),min(,min(

case 2: acb ,≤

bbcbac
bbacba

==
==

),min()),min(,min(
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case 3: bac ,≤
Let n = ),min( ba , nc ≤

cnabac
ccacba

==
==

),min()),min(,min(
),min()),min(,min(

All three cases are equal, hence if a , b  and c  are real numbers, then 
)),min(,min()),min(,min( baccba =

8.  Show that, for integers, the following statements are equivalent:                       (15 pts)
     (Hint: consider proof by contradiction for some of your steps)   

                                                    (i)  3n + 2  is even               
                                                   (ii)  n + 5  is odd                     
                                                  (iii)   2n    even.
(need to show: )()()()( iiiiiii →→→ )

)()( iii →  
Suppose n + 5  is even, then

⇒ n + 5 = 2k



⇒ n = 2k – 5
⇒    = 2k – 6 + 1
⇒    = 2m + 1, where m = ( k – 3)

  ie, n is odd, so
⇒ 3( 2m + 1) + 2 = 6m + 3 + 2
⇒                          = 6m + 4 + 1
⇒                          = 2z + 1, where z = (3m + 2)
⇒ hence, 3n + 2 is odd, contradiction

)()( iiiii →
n + 5  is odd, so 

⇒ n + 5  = 2k + 1
⇒ n  =  2k – 4

           = 2m, where m = (k – 2)
     Hence, n is even, so 2n  is even

)()( iiii →         
Suppose 3n + 2 is odd, so

⇒ 3n + 2 = 2k + 1
⇒ 3n + 3 = 2k + 2
⇒ 3(n + 1) = 2m, where m = ( k + 1)

hence, 3(n + 1) is even
     ⇒ (n + 1) even
     ⇒ n odd
     ⇒ 2n odd
or 

2n even implies n is even
ie, n = 2k
⇒  3n + 2 = 3(2k) + 2
⇒              = 6k + 2
⇒              = 2m, where m = 3k + 1
Hence, 3n + 2 is even


